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Baeh`_gu l_hj_lbq_kdb_ hkgh\u f_lh^bdb j_r_gby aZ^Zq d\ZwbklZ�lbklbdb b ^bgZfbdb

mijm]hieZklbq_kdhc kj_^u ijb dhg_qguo ^_nhjfZpbyo� JZkkfhlj_gu \hijhku

l_jfh^bgZfbq_kdb dhjj_dlghc nhjfmebjh\db hij_^_eyxsbo khhlghr_gby� ihklZgh\db aZ^Zq \

ijhba\hevguo ih^\b`guo dhhj^bgZlZo� >ey j_r_gby aZ^Zq jZajZ[hlZg jy^ y\guo b g_y\guo

ko_f� Hkh[h_ f_klh hl\_^_gh dhglZdlguf aZ^ZqZf� j_r_gb_ dhlhjuo ijh\h^blky k

bkihevah\Zgb_f Ze]hjblfh\ f_lh^Z fgh`bl_e_c EZ]jZg`Z b f_lh^Z rljZnguo nmgdpbc�

Ijb\_^_gh j_r_gb_ jy^Z d\ZwbklZlgq_]dbo b ^bgZfbq_kdbo aZ^Zq� jZkq_l ]j_[_gqZlh]h

kh_^bg_gby jZaghjh^guo mijm]hieZklbq_kdbo l_e� jZkq_l iehlbgu ih^ ^_ckl\b_f kbe ly`_klb�

jZkq_lu ijhp_kkh\ khm^Zj_gby mijm]hieZklbq_kdbo l_e lbiZ rZjZ� ieZklbgu b pbebg^jZ f_`^m

kh[hc ijb hdheha\mdh\uo kdhjhklyo m^ZjZ� JZkkfhlj_gZ aZ^ZqZ h[ h[jZah\Zgbb \hjhgdb \

mijm]hieZklbq_kdhf fZl_jbZe_ ijb \aju\_�

SOLUTION OF ELASTOPLASTIC ELEMENT METHOD PROBLEMS BY THE FINITE
ELEMENT METHOD
N.G. Burago, V.N. Kukudzhanor
Theoretical grounds of' methodology for solving problems of quasista-tics and dynamics of elastoplastic
medium under finite deformations are given. Question» of a thermodynamically correct formulation of
constitutive relation» and the problem statement in arbitrary moving coordinates are also considered. A
number hI H[plicit and implicit schemes have been developed to solve the corresponding problems. A
special place is given to the contact problems whose solution is achieved using algorithms of the
Lagrange factor method and the technique of penalty functions.
Solutions hf a number of quasistatic and dynamic problems are considered: calculations of a comb
connections of clastoplastic solids of different nature; of a dam under gravity; of collisions between
clastoplastic solids of ball, plate and cylindrical shape at transonic collision speed. The problem of
formation of a blast cone in »n elastoplastic material is also considered.

<\_^_gb_

< jZ[hl_ djZldh baeh`_gZ f_lh^bdZ j_r_gby d\ZabklZlbq_kdbo b ^bgZfbq_kdbo aZ^Zq

mijm]hieZklbqghklb f_lh^hf dhg_qguo we_f_glh\� j_Zebah\ZggZy \ \b^_ iZd_lZ ijbdeZ^guo

ijh]jZff :KLJ: gZ W<F ?K����� F�

< jZa^� 1 ij_^klZ\e_gZ \ZjbZpbhggZy ihklZgh\dZ aZ^Zqb h ^\b`_gbb kiehrghc kj_^u \

ih^\b`guo dhhj^bgZlZo ^gy rbjhdh]h deZkkZ mijm]hieZklbq_kdbo kj_^ ijb dhg_qguo

^_nhjfZpbyo� Bkihevah\Zgb_ ih^\b`guo dhhj^bgZl \ua\Zgh g_h[oh^bfhklvx j_rZlv aZ^Zqb

ijb hq_gv [hevrbo bkdZ`_gbyo nhjfu l_eZ gZ ih^\b`guo baf_gyxsboky \ ijhp_kk_ j_r_gby

k_ldZo�

JZa^� 2 b 3 ihk\ys_gu \hijhkZf \u[hjZ dhg_qgh�we_f_glghc ZiijhdkbfZpbb ih

ijhkljZgkl\m b dhg_qgh�jZaghklghc ih \j_f_gb� jZajZ[hld_ Ze]hjblfh\ j_r_gby ^bgZfbq_kdbo

b d\ZabklZlbq_kdbo aZ^Zq f_oZgbdb mijm]hieZklbq_kdbo l_e�

JZkkfhlj_g deZkk y\guo f_lh^h\ b ko_f� bkke_^h\Zgu \hijhku bo mklhcqb\hklb b

wnn_dlb\ghklb� >Zg gh\uc f_lh^ j_r_gby ^bgZfbq_kdbo b d\ZabklZlbq_kdbo dhglZdlguo aZ^Zq
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ijb [hevrbo ^_nhjfZpbyo� Ij_^eh`_gu g_y\gu_ ko_fu j_r_gby d\ZabklZlbq_kdbo b

^bgZfbq_kdbo aZ^Zq� j_ZebaZpby dhlhjuo hkgh\ZgZ gZ ijbf_g_gbb bl_jZpbhgguo f_lh^h\ [_a

nhjfbjh\Zgby b ojZg_gby fZljbp `_kldhklb� Bkihevah\Zg f_lh^ khijy`_gguo ]jZ^b_glh\ \

khq_lZgbb k jZaebqgufb f_lh^Zfb ihrZ]h\hc ebg_ZjbaZpbb� <Z`gufb khklZ\eyxsbfb

f_lh^bdb y\eyxlky bl_jZpbb gZ \eh`_gguo k_ldZo b \_dlhjbaZpby Ze]hjblfh\� Wlh iha\hebeh

ih\ukblv kdhjhklv jZkq_lh\ ijbf_jgh gZ ihjy^hd�

< jZa^� 4 ijb\_^_gh g_kdhevdh ijbf_jh\ jZkq_lh\� beexkljbjmxsbo \hafh`ghklb

iZd_lZ :KLJ:.

1. Hkgh\gu_ mjZ\g_gby b hij_^_eyxsb_ khhlghr_gby

JZkkfhljbf ihklZgh\dm h[s_c aZ^Zqb f_oZgbdb kiehrghc kj_^u ^ey [_afhfkglguo

kiehrguo kj_^ ^bnn_j_gpbZevgh]h lbiZ�

1.1. Dbg_fZlbdZ� AZdhg ^\b`_gby fZl_jbZevghc kiehrghc kj_^u \ ih^\b`guo

dhhj^bgZlZo bf__l \b^

 x x= (~,x t)    x x
0 0

= (~,x t)                                (1.1)

]^H x
0

 - jZ^bmk�\_dlhj fZl_jbZevghc lhqdb \ gZqZevghc dhgnb]mjZpbb� x - jZ^bmk�\_dlhj

fZl_jbZevghc lhqdb \ ZdlmZevghc dhgnb]mjZpbb ijb t > 0, G_aZ\bkbfu_ djb\RebgHcguH

dRRj^bgDlu � ( � , � , � )x x x x= 1 2 3
fR]ml [ulv kRijy`Hgu k gDqDevgRb dRgnb]mjDpbHc x

0

� k lHdmsHc

dRgnb]mjDpbHc x beb k ijRba\RevgR ih^\b`ghc ijRfH`mlRqgRc dRgnb]mjDpbHc�

< kemqZ_ x x
0 0

= (~)x bf__f eZ]jZg`_\h hibkZgb_ ^\b`_gby kiehrghc kj_^u� Z \ kemqZ_

x x= (~)x � wce_jh\h� AZdhg (1.1) m^h\e_l\hjy_l gZqZevguf mkeh\byf

 x x( �, ) ( �, )x x0 0=
o

                               (1.2)

<\_^_f h[hagZq_gby ^ey ijhba\h^guo ih \j_f_gb�

() (). = = =

d

dt t
o

const

∂
∂ x

 ,    
∂
∂

∂
∂t t x const

() ()
�

= = (1.3)

lh _klv lhqdZ ^Ze__ bkihevam_lky ^ey h[hagZq_gby fZl_jbZevguo ijhba\h^guo� Z cbf\he
qZklghc ijhba\h^ghc bkihevam_lky ^ey ^bnn_j_gpbjh\Zgby \^hev ljZ_dlhjbc ih^\b`guo

dhhj^bgZl�

Hij_^_ebf kdhjhklb fZl_jbZevghc �u� b ih^\b`gh�dhhj^bgZlghc �w � kj_^�

u
x= d

dt
 ,   w

x= ∂
∂t

(1.4)

K\yav f_`^m ijhba\h^gufb (1.3) bf__l \b^

d

dt t
= + − ⋅ ∇∂
∂

( )u w (1.5)

]^_ Ω = u w− dhg\_dlb\gZy kdhjhklv� ∇  � hi_jZlhj ijhkljZgkl\_ggh]h

^bnn_j_gpbjh\Zgby \ ZdlmZevghc dhgnb]mjZpbb� LhqdZ f_`^m kbf\heZfb hagZqZ_l kdZeyjgh_

mfgh`_gb_� IjhkljZgkl\_ggu_ f_ju ^_nhjfZpbb \\_^_f lZd�

d dx F x
0

= ⋅  ,  d d d d d dTx x x x x x
0 0

⋅ − ⋅ = ⋅ ⋅ε
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( )d

dt
d dx L x= ⋅  ,  ( )d

dt
d d d dTx x x e x⋅ = ⋅ ⋅                (1.6)

]^_ F l_gahj ]jZ^b_glZ ^_nhjfZpbb� L � l_gahj ]jZ^b_glZ kdhjhklb� _ - l_gahj dhg_qguo

^_nhjfZpbc :evfZgkb� _ - wce_jh\ l_gahj kdhjhkl_c ^_nhjfZpbc� Ba (1.6) ke_^m_l�

 
L

F
F= ⋅ −d

dt
�  ,  ε = − ⋅− −�

�

�( )I F FT  ,

 e L L= +1

2
T� �,    e L L= + ⋅ + ⋅d

dt
Tε ε ε                                                                        (1.7)

]^H I � H^bgbqguc l_gahj�

Ke_^kl\b_f lh`^_kl\Z( ).x
o

= 0 y\ey_lky mjZ\g_gb_ eZ]jZg`_\uo ljZ_dlhjbc

∂
∂
x

x

o
o

t
+ ⋅ ∇ =Ω 0 (1.8)

1.2. Hij_^_eyxsb_ khhlghr_gby� Iehlghklv ρ � l_gahj gZijy`_gbc σ \_dlhj l_ieh\uo

ihlhdh\ q hij_^_eyxlky lZd�

     dm dV= ρ ,  d ndSP = ⋅σ  ,  dQ dS= ⋅q n                                                    (1.9)

]^H dm � fDkkD [HkdRgHqgR fDeR]R R[tHfD dV \ lHdmsHc dRgnb]mjDpbb� dP � kbeD�

^Hckl\mxsDy gD [HkdRgHqgR fDeRc ieRsD^dH dS k H^bgbqgRc gRjfDevx n,dQ � dReebqHkl\R

lHieD ^bnnmg^bjR\D\rH]R qHlHa ieRsD^dm dS \ H^bgbpm \jHfHgb� (keb \ RijH^HeHgbb

lHieR\R]R iRlRdD \ ijD\Rc qDklb jD\Hgkl\D iRklD\blv agDd fbgmk� lR \HdlRj q [m^Hl mdDau\Dlv

gDijD\eHgbH� R[jDlgRH ]jD^bHglm lHfiHjDlmju� kR\iD^DxrHH k gDijD\eHgbHf ^bnnmabb lHieD�

IeRlgRklv iR^qbgHgD aDdRgm kRojDgHgby fDkku �mjD\gHgbx gHjDaju\gRklb��

     
d

dt

ρ ρ+ =e: I � beb
ρ
ρ

�

�= −det( )F                                                              (1.10)

]^H ρ
�
� gDqDevgDy ieRlgRklv�

AZdhgu l_jfh^bgZfbdb bf_xl \b^ [1,2]

ρ ρ
dU

dt
r= + + ⋅σ ∇:e q

 ρ η ρT
d

dt
T r− ⋅ 




− ≥∇ q

T
0 (1.11)

]^_ U - \gmlj_ggyy wg_j]by _^bgbpu fZkku� η  - wgljhiby _^bgbpu fZkku� T— l_fi_jZlmjZ�  r
- \g_rgbc fZkkh\uc bklhqgbd l_ieZ� ^\h_lhqb_ hagZqZ_l k\_jldm l_gahjh\� h b _ -
fZl_jbZevgu_ l_gahju gZijy`_gbc b kdhjhkl_c ^_nhjfZpbc�

σ σ
0

1= ⋅ ⋅− −F F T  ,   e F e F
0

= ⋅ ⋅T                (1.12)

Ih k\hckl\m k\_jldb kijZ\_^eb\h jZ\_gkl\h σ σ
0 0

⋅ = ⋅e e
/   

Ke_^kl\b_f aZdhgh\ l_jfh^bgZfbdb

y\ey_lky l_jfh^bgZfbq_kdh_ g_jZ\_gkl\h ^ey k\h[h^ghc wg_j]bb
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− − + + ⋅ ≥ρ
ϕ

ρη
d

dt

dT

dt T
Tσ ∇:e q

1
0                       (1.13)

]^_ ϕ � k\h[h^gZy wg_j]by� g = ∇ T - ]jZ^b_gl l_fi_jZlmju� ;m^_f jZkkfZljb\Zlv

[_afhf_glgu_ kiehrgu_ kj_^u ^bnn_j_gpbZevgh]h lbiZ� oZjZdl_jbamxsb_ky ke_^mxsbf

gZ[hjhf iZjZf_ljh\ khklhygby�

π =( , , , , , , )T
dT

dt

d

dt
Tε χ

χ
∇

0 0 0
0

e (1.14)

]^_ fZl_jbZevguc l_gahj dhg_qguo ^_nhjfZpbc bf__l \b^

ε ε
0

= ⋅ ⋅F FT                                          (1.15)

a kbf\heZfb χ b χt  , h[hagZq_gu kljmdlmjgu_ iZjZf_lju kiehrghc kj_^u b kdhjhklb bo

baf_g_gby� Bf__l f_klh aZ\bkbfhklv

e
0

0

= d

dt

ε
               (1.16)

\ kijZ\_^eb\hklb dhlhjhc e_]dh m[_^blvky� mqblu\Zy ������ ������ b ������� L_i_jv g_jZ\_gkl\h

(1.13) fh`gh aZibkZlv \ \b^_

− +






 + −









 − + ⋅ −ρ η

∂ϕ
∂

ρ
∂ϕ

∂
ρ
∂ϕ

∂T

dT

dt

d

dt T
Tσ

ε χ

χ
∇

0

0

0

0

0

1
: :e q

     − − − − ≥ρ
∂ϕ
∂

ρ
∂ϕ

∂
ρ

∂ϕ

∂
ρ

∂ϕ
∂T

dT

dt

d

dt

d

dt T

d T

dtt

t

t

t: : : :
e

e
0

0

0

0

0
χ

χ
∇

∇
   (1.17)

LZd dZd \_ebqbgu
dT

dt

d e d d dt

dt

d T

dt
, , ( / ) ,

0 0

dt

χ ∇
g_ y\eyxlky iZjZf_ljZfb khklhygby� lh

 ρ ∂ϕ
∂Tt

= 0 ,   ρ ∂ϕ

∂ e
o = 0 ,  ρ ∂ϕ

∂ χ
o

t

= 0 ,  ρ ∂ϕ
∂∇

=
T

0

b

    ϕ ϕ π= (( )1  , π ε χ1 = (( , , )T
o o

(1.18)

G_jZ\_gkl\h ������ ijbgbfZ_l \b^

D D= =
= =
∑ ∑α
α

α α
α1

4

2
1

4

Z :π (1.19)

]^_

Z =Z
q= − −( , , , )ρη ρ ∂ϕ

∂
D

o

D
o T

σ
χ

 ,  π χ
2 = ∇( , , , )dT

dt

d

dt
T

o
o

e

KhklZ\eyxsb_ Dα α απ= Z : 2 khhl\_lkl\mxl hkgh\guf ^bkkbiZlb\guf ijhp_kkZf \

jZkkfZljb\Z_fhc kiehrghc kj_^_� g_h[jZlbfhfm jhklm wgljhibb� \yadhklb� kljmdlmjguf
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baf_g_gbyf b l_iehijh\h^ghklb� Bg^_dk ' hlf_qZ_l ^bkkbiZlb\gu_ �beb \yadhklgu_�

khklZ\eyxsb_ wgljhibb b gZijy`_gbc�

η η ηD C= −  ,   σ σ σD C= −  (1.20)

Z kbf\heZfb  ηC b σC � khhl\_lkl\mxsb_ dhgk_j\Zlb\gu_ khklZ\eyxsb_�

 η ∂ϕ
∂C = -
T

 ,     σ ρ ∂ϕ

∂ ε

o

C
o

= (1.21)

;m^_f iheZ]Zlv� qlh hkgh\gu_ ^bkkbiZlb\gu_ ijhp_kku \aZbfgh g_aZ\bkbfu b qlh dZ`^uc ba

gbo ih^qbgy_lky ijbgpbim fZdkbfZevghc kdhjhklb ^bkkbiZpbb >�@� >jm]bfb keh\Zfb� [m^_f

iheZ]Zlv� qlh nmyd dbb Dα � h^ghjh^gu ih Zj]mf_glZf π α2 :

D Dk
α α α απ π ξ ξ π πα( , ) ( , )1 2 1 2= (1.22)

]^_ ihdZaZl_ev kl_i_gb h^ghjh^ghklb kα ! � b ξ ! � � ijhba\hevgh_ iheh`bl_evgh_ qbkeh� Ih

l_hj_f_ Wce_jZ h[ h^ghjh^guo nmgdpbyo bf__f

∂
∂π

π πα

α
α α α α α α

D
k D k Z

2
2 2: := = (1.23)

Wlb khhlghr_gby \uihegyxlky ^ey ex[uo agZq_gbc π α2 � _keb

Z k
D

α α
α

α

∂
∂π

= −11

2

 ,   k D
D

α α
α

α
α

∂
∂π

π− −=1

2
2

1( : )  (1.24)

mqblu\Zy \ujZ`_gby ������� ������� ������� ������� gZoh^bf h[sbc \b^ hij_^_eyxsbo

khhlghr_gbc ^ey jZkkfZljb\Z_fuo kj_^�

η ∂ϕ
∂

∂
∂

α= − + −

T
k

D

dT dt( / )
 ,   σ ρ ∂ϕ

∂ε

∂

∂

α
o

o o
k

D= − + −

e

0 = − + −ρ ∂ϕ

∂χ

∂

∂ χ

α
o o

k
D

d dt( / )
 ,   q =

∇
−k

D

T
α ∂
∂

4    (1.25)

Khhlghr_gby ������ ihdZau\Zxl� qlh aZ^Zgb_ nmgdpbc k\h[h^ghc wg_j]bb ϕ b kdhjhklb

^bkkbiZpbb D dZd nmgdpbc iZjZf_ljh\ khklhygby π iheghklvx hij_^_ey_l k\hckl\Z

jZkkfZljb\Z_fhc kiehrghc kj_^u�

 1.3. QZklgu_ kemqZb hij_^_eyxsbo khhlghr_gbc� JZkkfhljbf dhgdj_lgu_ \ujZ`_gby

nmgdpbc ?j b � ^ey lbibqguo kiehrguo kj_^ jZkkfZljb\Z_fh]h deZkkZ� LZdb_ \ujZ`_gby

^he`gu m^h\e_l\hjylv _kl_kl\_gghfm lj_[h\Zgbx bg\ZjbZglghklb ih hlghr_gbx d ]jmii_

mgb�fh^meyjguo Ij_h[jZah\Zgbc hkgh\guo dhgnb]mjZpbc kiehrghc kj_^u� Bkoh^gu_ b

hdhgqZl_evgu_ \ujZ`_gby aZibku\Zxlky k bkihevah\Zgb_f ijhkljZgkl\_gguo l_gahjh\�

ijhf_`mlhqgu_ \udeZ^db ijh\h^ylky k ykihevah\Zgb_f fZl_jbZevguo l_gahjh\� Dhgdj_lgu_

\ujZ`_gby nmgdpbc ϕ b D ^ey [hevrbo ^_nhjfZpbc ih^h[jZgu bkoh^y ba khhl\_lkl\mxsbo

\ujZ`_gbc ^ey fZeuo ^_nhjfZpbc b hldhjj_dlbjh\Zgu lZd� qlh[u ihemqblv ih \hafh`ghklb

gZb[he__ ijhklu_ hdhgqZl_evgu_ nhjfu hij_^_eyxrbo khhlghr_gbc�

B^_Zevguc ]Za� Nmgdpbb ϕ b D bf_xl \b^
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ϕ ϕ ρ= 1( , )T  ,    D = 00

Hij_^_eyxrb_ khhlghr_gby bf_xl \b^�

η η ∂ϕ
∂

= = −C
T
1  ,   σ σ= = −C pI ,   p = ρ ∂ϕ

∂ρ
2

U U T
T

C= = −ϕ ∂ϕ
∂

1
1  ,  χ ≡ 00 ,  q ≡ 00 (1.26)

]^_ p � ^Z\e_gb_� Ijb \u\h^_ bkihevah\Zgh ^bnn_j_gpbZevgh_ ij_^klZ\e_gb_ aZdhgZ

khojZg_gby fZkku

d

dt

oρ ρ= − −G e1:  ,   G F F= ⋅T

< kemqZ_ kh\_jr_ggh]h ]ZaZ nmgdpby ϕ1 bf__l \b^

ϕ γ ρ
ρ1 1= − −

�
��

�
��

c TV ( )ln ln
T

T0 0

]^_ cV � l_ieh_fdhklv ijb ihklhygghf h[t_f_� γ  - hlghr_gb_ l_ieh_fdhkl_c� ρ0 b T0  -
dhgklZglu� < wlhf kemqZ_ ^ey η ,  p b U bf__f

η η γ
ρ
ρ

= = − − +








C VC

T

T
1 1

1 1

( ) ln ln  ,  p U= −( )γ ρ� ,   U C TV=

<yadbc l_iehijh\h^guc ]Za� Nmgdpbb ϕ b D bf_xl \b^

( )ϕ ϕ ρ=
�

, T   ,    D
k

T
T TV V

q= + + ⋅λ µ( )e:I e:e2 2 ∇ ∇

]^_ λ V  , µ V � dRwnnbpbHglu \yadRklb� k q � dRwnnbpbHgl lHieRijR\R^gRklb� Hij_^_eyxsb_

khhlghr_gby bf_xl \b^

   η η
∂ϕ
∂

= = −C T
1  ,  σ σ σ

^ ^ ^

= +C D , σC p= − I ,  p = ρ
∂ϕ
∂ρ

� �  ,

    ( )σ λ µD V V= +e: I I e�  ,  q = k Tq ∇  ,  U U T
TC= = −ϕ ∂ϕ

∂
(1.27)

L_jfhmijm]Zy bahljhigZy kj_^Z� >ey lkjfhmijm]hc kj_^u k [hevrbfb h[t_fgufb b

fZeufb k^\b]h\ufb ^_nhjfDpbyfb nmgdpbb ϕ b D bf_xl \b^

 ϕ ϕ ρ
µ ρ

ρ
= +1 1( , )

( , )
' : 'T h

T
ε ε

    D
k

T
T T

q= ⋅∇ ∇
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]^_ fh^mev mijm]hklb k^\b]Z µ _klv g_hljbpZl_evgZy� h]jZgbq_ggZy ijb ε ε': ' 0→ nmgdpby�

ε ε ε'= - ( : )I I / 3 � ^_\bZlhj ^_nhjfZpbc� m^h\e_l\hjyxrbc ih ij_^iheh`_gbx mkeh\bx

ε ε' : '<< 1, b h1

1

1
2

3
= −







−

( : )ε I  .  Hij_^_eyxsb_ khhlghr_gby bf_xl \b^

    ( )η η
∂ϕ
∂

ε ε
ρ
∂µ
∂

= = − −C T
h

T
1

1

1
': '

    σ σ µε= = − +C pI � '  ,  p = ρ
∂ϕ
∂ρ

� �

    U U T
T

T T
T

h
T T

TC= = − = − + −ϕ
∂ϕ
∂

ϕ ρ
∂ϕ
∂ ρ

µ ρ
∂µ
∂

ε ε1
1 1( , ) ( ( , ) ) ': '

    q = ∇k Tq (1.28)

D kdZaZgghfm ke_^m_l ^h[Z\blv� qlh ijb \u\h^_ bkihevah\Zgu nhjfmeu

d

dt

o

G e= 22  ,   
d

dt

o

G G e G− − −= − ⋅ ⋅1 1 12

L_jfhmijm]hieZklbq_jdZy gZqZevgh�bahljhigZy kj_^Z� < jZkkfZljb\Z_fhf kemqZ_

kiehrgZy kj_^Z oZjZdl_jbam_lky kljmdlmjgufb iZjZf_ljZfb� gm`^Zxsbfbky \

ij_^\Zjbl_evghf hibkZgbb� Ke_^my >�²�@� bkihevam_f ihgylb_ jZa]jm`_gghc dhgnb]mjZpbb

kiehrghc kj_^u� H[hagZqbf we_f_gl ^ebgu \ jZa]jm`_gghc dhgnb]mjZpbb dx.. Bkihevam_f
ij_^klZ\e_gb_ l_gahjZ ]jZ^b_glZ ^_nhjfZpby \ \b^_ ijhba\_^_gby ieZklbq_kdh]h P b mijm]h]h

E ]jZ^b_glh\�

dx E x
*

= d⋅  ,  d x P x
*

= d
o

⋅  ,  F E P= ⋅

Hlf_lbf� qlh E b P hij_^_e_gu k lhqghklvx ^h ijhba\hevgh]h hjlh]hgZevgh]h

ij_h[jZah\Zgby jZa]jm`_gghc dhgnb]mjZpbb� H[t_dlb\ghc \_ebqbghc� g_ aZ\bkys_c hl

kihkh[Z jZa]jmadb� y\ey_lky fh^mev \_dlhjZ d x
*

 , k ihfhsvx dhlhjh]h b hij_^_eyxlky l_gahju

mijm]bo b ieZklbq_kdbo ^_nhjfZpbc b khhl\_lkl\mxsb_ l_gahju kdhjhkl_c ^_nhjfZpbc

 d d d d d dex x x x x x⋅ − ⋅ = ⋅ ⋅
∗ ∗

2 ε  ,      
d

dt
d d d d d de( )

∗ ∗

x x x x x e x⋅ − ⋅ = ⋅ ⋅2

d d d d d d
o o

px x x x x x
∗ ∗

⋅ − ⋅ = ⋅ ⋅2ε  ,      
d

dt
d d d d d dp( )

∗ ∗

x x x x x e x⋅ − ⋅ = ⋅ ⋅
0 0

2

\ ijhkljZgkl\_gghf ij_^klZ\e_gbb b

d d d d d dex x x x x x⋅ − ⋅ = ⋅ ⋅
∗ ∗ 0 0 0

2ε  ,      
d

dt
d d d d d de( )

∗ ∗

x x x x x e x⋅ − ⋅ = ⋅ ⋅
0 0 0

2

d d d d d d
o o

px x x x x x
∗ ∗

⋅ − ⋅ = ⋅ ⋅
0 0 0

2ε  ,      
d

dt
d d d d d dp( )

∗ ∗

x x x x x e x⋅ − ⋅ = ⋅ ⋅
0 0 0 0 0

2

\ fZl_jbZevghf ij_^klZ\e_gbb� Ba hij_^_e_gbc ke_^m_l�

ε ε
0

e
T

e= ⋅ ⋅F F ,  e F e F
0

e
T

e= ⋅ ⋅  ,  ε ε
0

p
T

p= ⋅ ⋅F F  ,  e F e F
0

p
T

p= ⋅ ⋅

ε ε ε= +e p  ,  e e e= +e p  ,  ε ε ε
0 0 0

= +e p  ,  e e e
0 0 0

= +e p

Fh`gh lZd`_ aZibkZlv ij_^klZ\e_gby wlbo l_gahjh\ q_j_a mijm]bc b ieZklbq_kdbc ]jZ^b_glu�
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εe
T T TI F P P F I E E= − ⋅ ⋅ ⋅ = − ⋅− − − −1

2

1

2
( ) ( )1 1

ε p
T T T T TF P P F F F F P P I F= ⋅ ⋅ ⋅ − ⋅ = ⋅ ⋅ − ⋅− − − − − −1

2

1

2
( ) ( )1 1 1

b lZd ^Ze__� Wlh ijbf_j lZd gZau\Z_fhc �dbg_fZlbdb Eb ^ey mijm]bo b ieZklbq_kdbo

^_nhjfZpbc��

Ijb g_h[jZlbfuo kljmdlmjguo baf_g_gbyo \ kiehrghc kj_^_ fh]ml \hagbdZlv

hklZlhqgu_ fbdjhgZijy`_gby α � dhlhju_ \ h[s_f kemqZ_ g_evay \ujZablv q_j_a

fZdjhkdhibq_kdb_ ^_nhjfZpbb kj_^u� \\_^_ggu_ \ur_ ;m^_f bkihevah\Zlv lZd gZau\Z_fu_

gb`gb_ dhg\_dlb\gu_ nhjfu >�@ ij_^klZ\e_gby l_gahjZ α b khhl\_lkl\mxsb_ l_gahju

kdhjhkl_c�

α α + α αt

d

dt
= ⋅ ⋅L L+ T  ,   

d

dt
tα α

0 0

=  ,  F F− −⋅ ⋅ =1 α αT
0

 ,   F F− −⋅ ⋅ =1 α αt

0
T

t

;m^_f iheZ]Zlv� qlh ^_\bZlhjgu_ khklZ\eyxsb_ mijm]bo ^_nhjfZpbc ε ε ε'e e e= − (( : ) /I 3 b

^_\bZlhjgu_ khklZ\eyxsb_ l_gahjZ hklZlhqguo fbdjhgZijy`_gbc α ' ^hklZlhqgh fZeu�

( :ε α µ' ' /(2 ))e
2− <<I 1

qlh \uihegy_lky k ohjhr_c lhqghklvx ^ey fZl_jbZeh\ lbiZ f_lZeeh\ b bo kieZ\h\� I_j\u_

bg\ZjbZglu l_gahjh\ ep b α [m^_f kqblZlv ij_g_[j_`bfh fZeufb ih kjZ\g_gbx k _^bgbp_c�

Nmgdpbb ϕ b D  bf_xl \b^�

  ϕ ϕ ρ ε µ
ρ

ε α µ= + − −−
1

1 21 2
3

( , ) ( ( : )) ( ) :T I I' ' /(2 )e

 D k e e k
k

T
T Tp p p p t t

q= + + ∇ ⋅ ∇' ' ' ': /( ) :2µ α α

]^_ hkgh\gu_ ^bkkbi\lb\gu_ ijhp_kku ij_^klZ\e_gu lj_fy khklZ\eyxsbfb� hl\_qZxsbfb

gZdhie_gbx hklZlhqguo ieZklbq_kdbo ^_nhjfZpbc� gZdhie_gbx hklZlhqguo fbdjhgZijy`_gbc

b l_iehijh\h^ghklb� <_ebqbgZ a p y\ey_lky iZkkb\guf beb kdjuluf kljmdlmjguf iZjZf_ljhf

� ieZklbq_kdhc jZ[hlhc� hij_^_ey_fhc ba mjZ\g_gby

da

dt
k e ep

p= ' 'p p:

Nmgdpby k ap p( ) hij_^_ey_l bahljhigh_ mijhqg_gb_� k p s= σ 2
3

,  σs - ij_^_e l_dmq_klb�

Hij_^_eyxsb_ khhlghr_gby bf_xl \b^

η η ∂ϕ
∂

= = −C
T

,   σ σ= − +pI ',   p = ρ
∂ϕ
∂ρ

� � ,   σ µε α'= 2 ' 'e −

U U TC C= = +ϕ η ,   q = ∇k Tq  (1.29)

σ'= k
'

' '
p

p

p p

e

e e:
,     σ α

α α
'= k

'

' '
p

t

t t:
]^_ ihke_^gb_ ^\Z khhlghr_gby y\eyxlky hij_^_eyxsbfb ^ey kljmdlmjguo iZjZf_ljh\

χ ε α= (( , )p � Wlb ^\Z khhlghr_gby bf_xl h[s__ ke_^kl\b_
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( ) :2 2 2µε α' 'e − =I k p

gZau\Z_fh_ mjZ\g_gb_f ih\_joghklb gZ]jm`_gby� mqblu\Zxsbf bahljhigh_ b dbg_fZlbq_kdh_

mijhqg_gb_� Ba wlbo khhlghr_gbc b g_hljbpZl_evghklb hkgh\guo khklZ\eyxsbo ^bkkbiZpbb

ke_^m_l mkeh\b_ Zdlb\gh]h gZ]jm`_gby

σ':ep ≥ 00                   (1.30)

;he__ m^h[ghc nhjfhc aZibkb hij_^_eyxsbo khhlghr_gbc y\ey_lky ke_^mxsZy�

\ujZ`ZxsZy ijhihjpbhgZevghklv l_gahjh\ σ' , e' b α '  :

α β'= e'p  ,   e' 'p = λσ  ,    (β β ε ε α= (( , , , )T p )

]^_ g_hljbpZl_evgZy kdZeyjgZy nmgdpby β β π= ( 1) ^he`gZ hij_^_eylvky wdki_jbf_glZevgh b

oZjZdl_jbam_l dbg_fZlbq_kdh_ ijhqg_gb_� Z kdZeyj λ hij_^_ey_lky ba

ijh^bnn_j_gpbjh\Zggh]h ih \j_f_gb mjZ\g_gby ih\_joghklb gZ]jm`_gby k mq_lhf fZehklb

l_gahjZ ε α µ' ' /(2 )e − b khhlghr_gbc ^ey α t b a p:

λ
σ σ σ σ

β µ
=

+ +

H H

k k kp p

( ) ( )

( ( ) /( ))

': ' -k ':e ':e

'

p
2

p
2 1 2

 ,

]e_ nmgdpby H jZ\gZ � ^ey hljbpZl_evguo agZq_gbc Zj]mf_glZ b � \ ijhlb\ghf kemqZ_�

1.4. AZdhgu khojZg_gby� < jZ[hl_ >�@ jZkkfhlj_gu hkgh\gu_ nhjfu aZdhgh\ khojZg_gby

\ ih^\b`guo dhhj^bgZlZo� <hkihevam_fky \ZjbZpbhgghc ]Ze_jdbgkdhc nhjfhc aZdhgh\

khojZg_gby fZkku� bfimevkZ b wg_j]bb� aZibkZgguo \ ih^\b`guo dhhj^bgZlZo�

∂
∂

ρδρ ρ δρ ρ
t

dV dS dV
SV V

+ ⋅ = ⋅ ∇δ ρ∫∫ ∫Ω Ωn

∂
∂

ρ δ ρ ρ δ ρ δ
t

dV dV dS dV
SV S V

u u u u u n u g u⋅ + ∇δ = + ⋅∫∫ ∫ ∫( : ( :σ − Ω) σ − Ω)                (1.31)

∂
∂

ρ δ ρ ρ δ ρ δ
t

E EdV E EdV E EdS r EdV
VV S

⋅ + + ⋅ − ⋅ ∇δ = + ⋅ − + + ⋅ ⋅∫∫ ∫( σ Ω) σ Ω)q u q u n g u( : ( )

]^H ρ � iehlghklv \ ZdlmZevghc dhgnb]mjZpbb� n \g_rgyy _^bgbqgZy ghjfZev d ih\_joghklb S
h[eZklb V\ ZdlmZevghc dhgnb]mjZpbb� δρ(~)x , δu(~)x , δE x(~)  - ijhba\hevgu_ \ZjbZpbb

nmgdpbc� E U= + ⋅u u / 2 � fZkkh\Zy iehlghklv iheghc wg_j]bb� r - \g_rgb_ fZkkh\u_

bklhqgbdb l_ieZ� Khhlghr_gby ^ey eZ]jZg`_\uo dhhj^bgZl ����� b kljmdlmjguo iZjZf_ljh\

������ lZd`_ fh]ml [ulv aZibkZgu \ nhjf_ �������

∂
∂

ρ δ ρ δ ρ δ
t

o o
dV

o o
dS

o o

SV V

x x x n x x x⋅ + = ∇δ∫∫ ∫Ω Ω: : V

∂
∂

ρχ δχ ρχ δχ ρχ ρ δχ
t

dV dS dV dV
SV V V

⋅ + = ∇δ χ∫∫ ∫ ∫Ω Ω: : :n X+ (1.32)

]^_ X � ijZ\Zy qZklv mjZ\g_gby kljmdlmjguo iZjZf_ljh\� aZibkZggh]h \ jZaj_r_gghc

hlghkbl_evgh \j_f_gguo ijhba\h^guo nhjf_�
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d

dt

χ π= X( )

1.5. MjZ\g_gby ih^\b`guo dhhj^bgZl� MjZ\g_gby ih^\b`guo dhhj^bgZl fh`gh \aylv

\ ke_^mxs_c h[s_c nhjf_ ��@�

∂
∂

δ δ
t

dV dV B dV
V V V

x x x x∫ ∫ ∫⋅ + ∇δ = ⋅~:σ (1.33)

~σ = ∂Ψ
∂γ

 ,  Ψ Ψ= { , }γ N  ,  
∂
∂γ∂γ

2

0
Ψ ≥ (1.34)

A^_kv Ψ  - wg_j]by ^_nhjfZpbc dhhj^bgZlghc kj_^u� γ  - l_gahj dhg_qguo ^_nhjfZpbc

dhhj^bgZlghc kj_^u�

d d d d d dT T Tx x x x x x⋅ − ⋅ = ⋅ ⋅~ ~ 2γ .                            (1.35)

N  - kdZeyjgZy f_jZ kdhjhklb baf_g_gby j_r_gby a ^Zqb f_oZgbdb kiehrghc kj_^u \

ijhkljZgkl\_�

N a Ak k
b

k

k= ∇∑ || ||                                 (1.36)

]^_ a k , b k � iheh`bl_evgu_ dhgklZglu� A E x
o

= ( . . , , )ρ ρ ρ ρ ρχu � \_dlhj j_r_gby� B B A= ( , ~)x  -
\g_rgb_ �fZkkh\u_ kbeu� b dhhj^bgZlghc kj_^_�

Bkihevam_fu_ mjZ\g_gby ih^\b`guo dhhj^bgZl ZgZeh]bqgu mjZ\g_gbyf g_ebg_cghc

l_jfhmijm]hc kj_^u� ihemghjfZ j_r_gby ������ b]jZ_l jhev �Zglbl_fi_jZlmju� b
 kem`bl

mijZ\eyxsbf iZjZf_ljhf� h[_ki_qb\Zxsbf Z^ZilZpbx dhhj^bgZlghc kj_^u d j_r_gbx

jZkkfZljb\Z_fhc aZ^Zqb�

1.6. IhklZgh\dZ gZqZevgh�djZ_\hc aZ^Zqb� LZdbf h[jZahf� fu ijboh^bf d ke_^mxs_c

ihklZgh\d_ aZ^Zqb� < h[eZklb

V x t x V tT = ∈ ≥{(~, ):~ ~
, }0

 lj_[m_lky j_rblv kbkl_fm mjZ\g_gbc

∂
∂

δ δ δ
t

A AdV B A AdV B A n AdS C AdV
V VSV

⋅ + − ∇δ = − + ⋅∫ ∫∫∫ ( ): ( ):Ω Ω

]^_

A = ( , , , x, ),  ρ ρ ρ ρ ρχu E
o

B = (0, , q + u,0,0),  σ σ ⋅

C = (0, F, r + F u,0, X),  ρ ρ ρ ρ⋅

b mjZ\g_gb_ mijZ\e_gby k_ldhc

∂
∂

δ σ δ
t

x xdV xdV g xdV
V VV

⋅ + ∇δ = ⋅∫ ∫∫ ~: ~ (1.37)
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k mq_lhf hij_^_eyxsbo khhlghr_gbc

E U u u= + ⋅ / 2 ,  U T= −ϕ η ,  η ∂ϕ
∂

κ ∂

∂
= − +

T

D

T
( ) .1  ,

σ ρ ∂ϕ
∂ε

κ ∂
∂

= +− − − −F F F
D

e
FT T1

2
1

( )  ,  q T
D

T
= κ ρ ∂

∂∇( )4  ,  ϕ ϕ ε χ= ( , , )T  ,

~σ ∂Ψ
∂γ

=  , Ψ Ψ= ( , )γ N  , N a Ak k
b

k

k= ∇∑ || ||  ,   D D T T e Ti
i

= ∇
=
∑

1

4

( , , ,
.
, ,

.
, )ε χ χ

dbg_fZlbq_kdbo khhlghr_gbc

�ε = ⋅ −0 5. ( )F F IT  ,  e F F
.

F
.

FT
T

= ⋅ + ⋅0 5. ( ) ,  F
o

= ∇ x

γ = ⋅ −0 5. ( )
� �
F F IT  , F = ∇

�
x

gZqZevguo b ]jZgbqguo mkeh\bc

A A
t= =

0 0 ( )
�x  ,  

� �
x ∈ V,  t = 0;

A A x t
x SA
�

�
∈ = * ( , )  , 

� �
x ∈ SA  , t ≥ 0

B n⋅ = B x tn ( , )�
 , 
� �
x ∈ S SA\  , t ≥ 0

1.7. IhklZgh\dZ ]jZgbqguo mkeh\bc� < aZ\bkbfhklb hl lbiZ ih^\b`guo dhhj^bgZl gZ

]jZgbp_� Z lZd`_ \ aZ\bkbfhklb hl \b^Z hij_^_eyxsbo khhlghr_gbc qbkeh b \b^ g_h[oh^bfuo

]jZgbqguo mkeh\bc ^ey dhjj_dlghc ihklZgh\db aZ^Zqb f_gyxlky�

;m^_f jZaebqZlv ljb lbiZ ]jZgbp >�@�

eZ]jZg`_\Z ]jZgbpZ� Ω n = ⋅ =Ω n 0;
wce_jh\Z \oh^gZy ]jZgbpZ� Ωn < 0;
wce_jh\Z \uoh^gZy ]jZgbpZ� Ωn > 0.

JZkkfhljbf kemqZc eZ]jZg`_\uo ]jZgbp� < hdj_klghklb eZ]jZg`_�\hc ]jZgbpu Ωn ≈ 0.
MjZ\g_gb_ g_jZaju\ghklb� mjZ\g_gby eZ]jZg`_\uo dhhj^bgZl b mjZ\g_gb_ kljmdlmjguo

iZjZf_ljh\ ijbgbfZxl \b^ h[udgh\_gguo ^bnn_j_gpbZevguo mjZ\g_gbc ih \j_f_gb�

Ihwlhfm ]jZgbqgu_ mkeh\by ^ey nmgdpbc ρ ρ ρχ, , �x
o

\ wlhf kemqZ_ g_ lj_[mxlky� GZ eZ]jZg�

`_\hc ]jZgbp_ ^he`gh \uihegylvky mkeh\b_

Ωn = 0 , u wn n= ⋅ = = ⋅ =u n w n 0

hagZqZxs__� qlh ]jZgbpZ h[eZklb j_r_gby ^\b`_lky \f_kl_ kh kj_^hc� ;m^_f jZkkfZljb\Zlv wlh

mkeh\b_ dZd mkeh\b_ ^ey mjZ\g_gby ih^\b`� fuo dhhj^bgZl� hij_^_eyxs__ lbi ]jZgbpu �

eZ]jZg`_\Z ]jZgbpZ� Kdhjhklv ^\b`_gby lZdhc ]jZgbpu ^he`gZ [ulv aZ^ZgZ u un n= *
beb

^he`gu [ulv aZ^Zgu ^_ckl\mxsb_ gZ eZ]jZg`_\m ]jZgbpm \g_rgb_ kbeu σ σn n= ⋅ =σ n * .
AZ^Zgb_ ZgZeh]bqguo h]jZgbq_gbc gZ kdhjhklb b kbeu� ^_ckl\mx� sbo \ gZijZ\e_gbyo�

dZkZl_evguo d ]jZgbp_� g_h[oh^bfh� _keb fZl_jb� ZevgZy kj_^Z bf__l f_oZgbaf khijhlb\e_gby

k^\b]h\uf ^_nhjfZpbyf beb kdhjhklyf k^\b]h\uo ^_nhjfZpbc� LZdbf h[jZahf� fu jZkkfhlj_�

eb aZ^Zgb_ mkeh\bc ^ey ρu . Mkeh\by ^ey ρE ZgZeh]bqgu mkeh\byf ^ey ρ ρ ρχ, � , �x ijb

hlkmlkl\bb l_iehijh\h^ghklb b ZgZeh]bqgu mkeh\byf ^ey ρu ijb __ gZebqbb� < ihke_^g_f

kemqZ_ gZ eZ]jZg`_\hc ]jZgbp_ ^he`gu [ulv aZ^Zgu h]jZgbq_gby eb[h gZ kZfm nmgdpbx ρE
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�gZijbf_j� dh]^ª aZ^ZgZ l_fi_jZlmjZ T�� eb[h gZ __ ihlhdb �gZijbf_j� dh]^Z aZ^Zgu ihlhdb

l_ieZ q_j_a ]jZgbpm �q qn n= ⋅ =q n * ).
JZkkfhljbf l_i_jv wce_jh\u ]jZgbpu� < kemqZ_ \oh^ghc ]jZgbpu ^he`gu [ulv aZ^Zgu

\_dlhj : b aZdhg ^\b`_gby ]jZgbpu w w n wn n= ⋅ = * .
< kemqZ_ wce_jh\uo \uoh^guo ]jZgbp g_h[oh^bfh aZ^Zlv ebrv h]jZgbq_gby gZ ihlhdb

bfimevkZ σ⋅n b l_ieZ q q nn = ⋅ � LZdb_ h]jZgbq_gby fh]ml bf_lv \b^ aZ^Zgguo \ha^_ckl\bc

σ σ σn n= ⋅ =n *
b q qn n= ⋅ =q n *

beb khhlghr_gbc� h[_ki_qb\Zxsbo �ijh^he`_gb_ j_r_gby� aª

]jZgbpm h[eZklb j_r_gby� gZijbf_j n u⋅ ∇ = 0 ,  n ⋅ ∇ =T 0.
Ijb qbke_gghf j_r_gbb hlebqgu_ hl gmey qe_gu B fh]ml \hagbdZlv \h \k_o

mjZ\g_gbyo aZ^Zqb ba�aZ ko_fghc beb bkdmkkl\_gghc \yadhklb� Ijb wlhf h]jZgbq_gby gZ

ihlhdb Bn fh]ml ihlj_[h\Zlvky ^ey \k_o kemqZ_\ ]jZgbp� gZ dhlhjuo khl\_lkl\mxsb_ nmgdpbb

A g_ aZ^Zgu� \ dZq_kl\_ ^hihegbl_evguo ]jZgbqguo mkeh\bc� < wlhf kemqZ_ ^_ckl\m_l ^ey

\k_o mjZ\g_gbc ijhklh_ ijZ\beh� gZ ]jZgbp_ ^he`gh [vl aZ^Zgh eb[h h]jZgbq_gb_ gZ nmgdpbx

:� eb[h h]jZbbq_gb_ gZ khhl\_lkl\mxsbc ihlhd Bn .
Ykgh� qlh ijb\_^_ggu_ j_dhf_g^Zpbb ih ihklZgh\d_ ]jZgbqguo mkeh\bc ijb j_r_gbb

dhgdj_lguo aZ^Zq kem`Zl ebrv g_dhlhjhc h[s_c ko_fhc� dhlhjZy ^he`gZ mlhqgylvky ^ey

dZ`^hc dhgdj_lghc aZ^Zqb GZijbf_j� ^ey Ω n c<  (c � kdhjhklv a\mdZ� ihegh_ aZ^Zgb_ \_ebqbg

A gZ \oh^guo ]jZgbpZo g_ lj_[m_lky ^�@� ^ey d\ZabklZlbq_kdbo aZ^Zq mijm]hieZklbqghklb

]jZgbqgu_ mkeh\by ^hi`gu aZij_sZlv ^\b`_gb_ ]_e dZd `_kldh]h p_eh]h� \h fgh]bo aZ^ZqZo

\b^ ]jZgbqguo mkeh\bc fh`_l f_gylvky kh \j_f_g_f \ aZ\bkbfhklb hl ^h\_^_gby j_r_gby�

�� JZkq_l [hevrbo ^_nhjfZpbc mijm]hie\klgqkkdhc kj_^u f_lh^hf dhg_qguo we_f_glh\

Gb`_ jZkkfZljb\Zxlky y\gu_ b g_y\gu_ ko_fu FDW ^ey jZkq_lZ iehkdbo beb

hk_kbff_ljbqguo� d\ZabklZlbq_kdfo beb ^bgZfbq_kdw� ijhp_kkh\ ^_nhjfZpbb mijm

]hieZklgq_kdbo l_e�

2.1. IhklZgh\dZ aZ^Zqb� Hkgh\gu_ mjZ\g_gby \ i_j_f_gguo Wce_jZ bf_xl \b^�

ρ δ δ( ) :
\

d

dt
dV dV dS

V V S SA

u
g u u p u− ⋅ + ∇δ = ⋅∫ ∫ ∫σ

d

dt

x
u=  ,  F

o
− = ∇1 x  ,  ε = . (Ι − )0 5 F FT 1− −⋅

εm = ( /ε: I) 3 ,  ε ε − µ'= ε I  ,  σ ε −ε' ( ' ' )= 2µ p

ρ ρ= −
0

1det( )F  , σ σ= − +pI ' ,   p p U= + −1 1( ) ( )ρ γ ρ

L u= ∇  ,  e S= ( )L  ,  
d

dt
p

p p

ε
σ ε ε= − ⋅ − ⋅λ ' L LT

λ σ σ= −H k H k( ) ( ) ':σ:σ − σ: σ2 2e e  ,  ρ dU

dt
= σσ:e   (2.1)

]^_ ( ) . ( )A A AS
T= +0 5 � kbff_ljbqgZy qZklv l_gahjZ A � Kbkl_fZ mjZ\g_gbc ����� kh^_j`bl

\ZjbZpbhggh_ mjZ\g_gb_ ^\b`_gby� mjZ\g_gb_ eZ]jZg�`_\uo ljZ_dlhjbc� hij_^_e_gb_

^bklhjkyb F 1− , l_gahjZ dhg_qguo ^_nhjfZpbc :evfZgkb� kj_^g_c ^_nhjfZpbb� ^_\bZlhjZ

^_nhjfZpbc b� ^Ze__� aZdhg mijm]hklb ^ey ^_\bZlhjguo khklZ\eyxsbo l_gahjZ gZijy`_gbc

Dhrb� aZdhg khojZg_gby fZkku� aZdhg k`bfZ_fhklb �^Z\e_gb_ ij_^klZ\e_gh kmffhc �oheh^ghc�

b �]hjyq_c� khklZ\eyxsbo�� jZaeh`_gb_ l_gahjZ gZijy`_gbc Dhrb gZ rZjh\mx b ^_\bZlhjgmx

qZklb� hij_^_e_gb_ l_gahjZ ]jZ^b_glh\ kdhjhkl_c� l_gahjZ kdhjhkl_c ^_nhjfZpbc� aZdhg

ieZklbq_kdh]h l_q_gby b mjZ\g_gb_ ^ey \gmlj_gg_c wg_j]bb \ ^ZbZ[Zlb�q_kdhf ijb[eb`_gbb�

H[hagZq_gby ljZ^bpbhggu b ihykg_gu jZg__ \ jZa^� �� Hlf_lbf� qlh ∇ � hi_jZlhj

ijhkljZgkl\_ggh]h ^bnn_j_gpbjh\Zgby \ ZdlmZevghc dhgnb]mjZpbb� H  - nmgdpby O_\bkZc^Z�

k Sσ σ= 2 3/ , σS - ij_^_e l_dmq_klb� µ— fh^mev mijm]hklb k^\b]Z�
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Ijb ihklZgh\d_ gZqZevgh�djZ_\uo aZ^Zq kbkl_fZ mjZ\g_gbc ����� ^hihebc_lky

gZqZevgufb b ]jZgbqgufb mkeh\byfb� GZqZevgu_ mkeh\by bf_xl \b^

t = 0 :  x x=
o

 ,  u u= 0  ,  ε εp p= 0  ,  U U= 0               (2.2)

Dbg_fZlbq_kdb_ ]jZgbqgu_ mkeh\by bf_xl \b^

x
o

S
o

Su∈ ⊂  :  δu = 0 ,  u u= *.                             (2.3)

>bgZfbq_kdb_ ]jZgbqgu_ mkeh\by

x
o

S
o

S
o

u∈ \  :   σ ⋅ =n P                                  (2.4)

y\eyxlky ke_^kl\byfb \ZjbZpbhgguo mjZ\g_gbc ^\b`_gby ������

H[eZklv baf_g_gby eZ]jZg`_\uo dhhj^bgZl V
o

\ h[s_f kemqZ_ khklhbl ba g_kdhevdbo

�jZag_k_gguo \ ijhkljZgkl\_ ^ey aZ^Zq ^bgZfbdb� ih^h[eZkl_c � l_e� GZ qZklb ih\_joghklb

S
o

S
o

S
o

S
o

p p u1 ⊂ = \ aZ^Zgu gZ]jmadb P �\aZbfh^_ckl\b_ k \g_rgbfb l_eZfb�� gZ hklZevghc qZklb

ih\_joghklb S
o

S
o

S
o

cont p p= \ 1 gZ]jmadb P h[mkeh\e_gu \aZbfh^_ckl\b_f jZkkfZljb\Z_fuo l_e

f_`^m kh[hc� AZjZg__ g_ba\_klgZy ih\_joghklv dhglZdlZ S
o

cont y\ey_lky fgh`_kl\hf \k_o lhq_d

x x
o o

S
o

S
o

u+ − ∈, \ lZdbo� qlh ∀ ∈ ∃ ∈ ≠ ∧ =+ + − − + − + −x x x x x x x x
o

S
o o

S
o o o o

t
o

tcont cont | ( , ) ( , ) b

S
o

S
o

S
o

S
o

S
o

cont cont cont cont connt= ∧ = ∅+ − + −* � . GZ]jmadb P b kdhjhklb u gZ ih\_joghklb dhglZdlZ

S
o

conthij_^_eyxlky mkeh\byfb

( )u u n+ − +− ⋅ = 0 ,  P P+ −= −  ,   P f Pi n iτ = − ⋅+ − +( , ( ) )u u τ (2.5)

\ujy`Zxsbfb g_ij_ju\ghklv ghjfZevghc khklZ\eyxs_c kdhjhks lj_lbc aZdhg GvxlhgZ G

aZdhg lj_gby� \ dhlhjuo

n n+ −= −  ,  τ τi i
+ −= −  (i = 1 2, ),  Pn = ⋅P n  , P i iτ = ⋅P τ

A^_kv n,τ i � hjlu ghjfZeb y dZkZl_evguo d ih\_joghklb S \ ZdlmZevghc dhgnb]mjZpbb�

AZ^ZqZ khklhbl \ lhf� qlh[u \ h[eZklb V
o

t
o

V
o

tT = ∈ ≥{( , ): , }x x 0 j_rblv kbkl_fm mjZ\g_gbc

����� ijb mkeh\byo ������������

2.2. IjhkljZgkl\_ggu_ DW�ZiijhdkbfZpbb� Baeh`_gb_ f_lh^h\ ijh\_^_gh ^ey iehkdbo

aZ^Zq� \ h[s_f lj_of_jghf kemqZ_ \k_ q_jlu Ze]hjblfh\ khojZgyxlky� < h[eZklb V
o

R⊂ 2

\\_^_f k_ldm lj_m]hevguo y q_luj_om]hevguo yq__d �we_f_glh\��

Imklv x i i n( , , ... )= 1 2 1 � dhhj^bgZlu maeh\� J k N l Mkl ( , , ... , ; , , ..., )= =1 2 1 22 2 � ghf_jZ

maeh\ \ we_f_glZo� G k N l Mkl ( , , ... , ; , ... , )= =1 2 13 3 � ghf_jZ maeh\ \ ]jZgbqguo we_f_glZo� GZ

\j_f_gghf keh_ n \\_^_f h[hagZq_gby� u i
n , xi

n
kdhjhklb b dhhj^bgZlu maeh\� εpk

n ,Ui
n  - agZq_gby

ieZklbq_kdbo ^_nhjfZpbc b \gmlj_gg_c wg_j]bb \ p_gljZo yq__d� H[hagZqbf q_j_a ω
fgh`_kl\h ghf_jh\ maeh\ k_ldb� q_j_a ωu fgh`_kl\h ghf_jh\ ]jZgbqguo maeh\� \ dhlhjuo

aZ^Zgu dbg_fZlbq_kdb_ mkeh\by� x i
n

uS∈ ijb i u∈ω  ; q_j_a Ω � fgh`_kl\h ghf_jh\ we_f_glh\�

Bkihevam_f h[uqgmx kbfie_dk�ZiijhdkbfZpbx dhhj^bgZl b kdhjhkl_c gZ k_ld_ ω
[10]. Bgl_]jZeu \ \ZjbZpbhgguo mjZ\g_gbyo ����� \uqbkebf k ihfhsvx d\Z^jZlmjguo nhjfme

ijyfhm]hevgbdh\� Lhqdb qbke_ggh]h bgl_]jbjh\Zgby ^ey bgl_]jZeh\ ih h[eZklb Vhl \bjlmZev�

ghc jZ[hlu kbe bg_jpbb [m^_f [jZlv \ maeZo k_ldb ω� ^ey bgl_]jZeZ \bjlmZevghc jZ[hlu
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gZijy`_gbc � \ p_gljZo we_f_glh\� >ey bgl_]jZeh\ ih ih\_joghklb lhqdb qbke_ggh]h

bgl_]jbjh\Zgby \havf_f \ k_j_^bgf ]jZgbqguo hlj_adh\�

���� Ko_fZ lbiZ �dj_kl�� KgZqZeZ jZkkfhljbf ijbf_g_gb_ y\ghc dhgk_j\Zlb\ghc

ko_fu lbiZ �dj_kl� >��� ��@ ^ey bgl_]jbjh\Zgby ih \j_f_�gb� <f_klh qe_gh\ y\ghc

bkdmkkl\_gghc \yadhklb ^��� \ dZq_kl\_ j_]meyjgaZlhjZ ^ey jZkq_lZ m^Zjguo \heg ijbf_gbf

hkj_^g_gb_ kdhjhkl_c gZ keh_ n �ih EZdkm _��@�� < j_amevlZl_ ihemqbf ke_^mxsbc Ze]hjblf

�wce_jh\u i_j_f_ggu_��

i u∈ω ω\  : m u u u f ti i
n

i
n

i
n

i
n

i
n

i
n

n{ � ( )}+ − − − =1 1γ γ ∆
i u∈ω  :  u u ti

n
i n

+
+=1
1

* ( )
k ∈Ω  :  ε ε λ σ ε εpk

n
pk
n

k
n

k
n

pk
n

k
n

k
n T

pk
n

nL L t+ + + += + − ⋅ − ⋅1 1 1 1( ' ( ) )∆ (2.6)

k ∈Ω  :  U U L tk
n

k
n

k
n

k
n

n k
n+ += +1 1σ ρ: /∆

k ∈Ω  :  a a tpk
n

pk
n

k
n

k
n

k
n

n
+ += +1 1λ σ σ' : ' ∆

i ∈ω   :   x x u ti
n

i
n

i
n

n
+ += +1 1∆

]^_ aZibkZgu ^bkdj_lgu_ ZgZeh]b mjZ\g_gbc ^\b`_gby� ]jZgbqguo mkeh\bc ^ey kdhjhkl_c�

aZdhgZ ieZklbq_kdh]h l_q_gby� mjZ\g_gbc eZ]�j\g`_\uo ljZ_dlhjbc� mjZ\g_gby \gmlj_gg_c

wg_j]bb g mjZ\g_gby ieZklbq_kdhc jZ[hlu�

Maeh\u_ fZkku mi  \uqbkeyxlky h^bg jZa i_j_^ gZqZehf jZkq_lZ�

m V M H i Ji k k k kl
l

M

k

N

= −−

==
∑∑ 0 0 2

11

22

ρ ~
( ) (2.7)

]^_ Vk
0

� gZqZevguc h[t_f we_f_glZ� M2  -qbkeh maeh\ \ we_f_gl_� N 2 � qbkeh we_f_glh\�

nmgdpby
~
H mdZau\Z_l Z^j_k jZkkuedb \deZ^h\ hl fZkku we_f_glZ \ ijbmweh\u_ fZkku�

~
( )H 0 1=  , 

~
( )H j = 0 ^ey j ≠ 0� Ijbgyl ke_^mxsbc kihkh[ hkj_^g_gby kdhjhkl_c gZ keh_�

� . (max min )u
j

u
j

ui
n

i
j
n

i
j
n=

∈
+

∈
05

ω ω
                                (2.8)

]^_ ωi  � ghf_jZ maeh\ � khk_^_c maeZ L� Bkiulu\Zebkv b ^jm]b_ kihkh[u hkj_^g_gby� ijb

dhlhjuo �ui
n
hij_^_eyehkv dZd kj_^g__ Zjbnf_lbq_kdh_ kj_^b kdhjhkl_c u jj

n
i( )∈ ω beb dZd

kj_^g__ k \_khf �hkj_^g_gb_ �ih iehsZ^yf��� Ijbgyluc kihkh[ \ f_gvr_c kl_i_gb aZ\bkbl hl

dhgdj_lgh]h rZ[ehgZ \ hdj_klghklb maeZ b hl lh]h� y\ey_lky eb ma_e \gmlj_ggbf beb

]jZgbqguf�

IZjZf_lj ]b[jb^ghklb γi
n
aZ^Z_lky \ \b^_

γ γ κi
n

i
n

i
nu u= + −min{ , | � |}1 0           (2.9)

]^_ jZaghklv | � |u ui
n

i
n− ^Z_l hp_gdm \lhjhc ijhba\h^ghc hl kdhjhkl_c ih ijhkljZgkl\_gguf

i_j_f_gguf \ hdj_klghklb maeZ L� dhwnnbpb_gl γ0 =| |/u cimpact � ]^_ uimpact � hlghkbl_evgZy

kdhjhklv m^ZjZ� c dp d2 4 3= +/ / /ρ µ ρ � kdhjhklv a\mdZ� κ = −| . |0 2 1uimpact � oZjZdl_jgZy

\_ebqbgZ kdZqdZ kdhjhklb� IZjZf_lj γi
n
\dexqZ_l eZdkh\m \yadhklv \ hdj_klghklb m^Zjguo

\heg b m\_ebqb\Z_l __ �g_ k\ur_ _^bgbpu� k jhklhf kdhjhklb m^ZjZ�

>ey \uqbke_gby ieZklbq_kdbo ^_nhjfZpbc εpk
n+1

b ieZklbq_kdhc jZ[hlu a pk
n+1

gZ gh\hf

\j_f_gghf keh_ \ dZ`^hc yq_cd_ �dhg_qghf we_f_gl_� \uqbkeyxlky ke_^mxsb_ \_ebqbgu�

( )F x
o

k
n

kj
n

J

j

M

kj

−

=
= ∇∑1

1

2

 ,  εk
n

k
n T

k
nI F F= − ⋅− −05 1. ( ( ) ( ) )  ,
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ε ε1 3k
n

k
nI= : /  ,   ε ε ε'k

n
k
n

k
nI= − 1     (2.10)

σ µ ε ε' ( ' ' )k
n

k
n

pk
n= −2  ,   L uk

n
kj
n

J
n

j

M

kj

+ +

=
= ∇∑1 1

1

2

λ σ σ σ σσ σk
n

k
n

k
n

k
n

k
n

k
n

k
n

k
n

k
nH k H L L k+ + + −= −1 2 1 1 2( ' : ' ( ) ) ( ' : ) ' : ( )

Z ^Ze__ ijbf_gyxlky khhl\_lkl\mxsb_ nhjfmeu ������ A^_kv ∇ kj
n  - ^bkdj_lguc hi_jZlhj

ijhkljZgkl\_ggh]h ^bnn_j_gpbjh\Zgby \ ZdlmZevghc dhgnb]mjZpbb� ?]h hij_^_e_gb_ ^ey

p_gljh\ kbfie_dk�we_f_glh\ ih f_lh^m dhg_qguo we_f_glh\ >��@ kh\iZ^Z_l k _kl_kl\_gghc

ZiijhdkbfZpb_c ijhba\h^guo >��@� < kemqZ_ ijhkljZgkl\_ggh ^\mf_jguo aZ^Zq bf__f �e i  -
^_dZjlh\u hjlu��

∇ ⋅ = −
+ −

−
kj
n

J
n

J
n

k
nx x V

kj kj
e1 2 2

105
1 1

. [( ) ( ) ]

∇ ⋅ = − −
+ −

−
kj
n

J
n

J
n

k
nx x V

kj kj
e2 1 1

105
1 1

. [( ) ( ) ] (2.11)

]^_ ijb j M= 2 iheZ]Z_f J Jkj k+ =1 1� Z ijb j = 1 iheZ]Z_f J Jkj kM− =1 2
� <_ebqbgZ Vk

n

h[hagZqZ_l iehsZ^v k �c yq_cdb \ ZdlmZevghc dhgnb]mjZpbb�

V x x xk
n

J
n

J
n

J
n

j

M

kj kj kj
= −

− +
=
∑05 1 2 2

1
1 1

2

. ( ) [( ) ( ) ] (2.12)

JZkkfhljbf \uqbke_gb_ maeh\uo kbe f i
n  . Bo khklZ\eyxsb_ [_a mq_lZ dhglZdlguo

mkbebc f i
n( )0

hij_^_eyxlky iml_f ke_^mxsbo hi_jZpbc \ we_f_glZo b ]jZgbqguo hlj_adZo�

f g qi
n

kj
n

kj G
n

kj
j

M

k

N

j

M

k

N

H i J H i G
kj

( ) ~
( )

~
( )0

1111

3322

= − + −
====
∑∑∑∑ (2.13)

]^_ \deZ^u hl gZijy`_gbc \ we_f_glZo hij_^_eyxlky lZd�

( )F
o

k
n

kj
n

J

j

M

kj

−

=
= ∇∑1

1

2

x  ,   εk
n

k
n T

k
nI F F= − ⋅− −05 1. ( ( ) ( ) )

ε ε1 3k
n

k
nI= : /  ,   ε ε ε'k

n
k
n

k
nI= − 1  ,   ( ' ) ( ' ' )( )σ µ ε εk

n
k
n

pk
n0 2= −

σ σ σ σσ' ( ) ( ' ) / ( ' ) :( ' )( ) ( ) ( )
k
n

k
n

k
n

k
n

k
nk= 0 0 0  ,  ε ε σ µ' ' ' /( )pk

n
k
n

k
n= − 2 (2.14)

ρ ρk
n

k k
nF= −0 1det(( ) )  ,  p p Uk

n
k
n

k
n= ( , )ρ  ,  σ σk

n
k
n

k
nIp= − + '

V Vk
n

k k k
n= 0 0ρ ρ/  ,   gkj

n
k
n

k
n

kj
nV= − ⋅ ∇σ

r_klZy b k_^vfZy nhjfmeu a^_kv ijhba\h^yl dhjj_dpbx gZijy`_gbb b ieZklbq_kdbo

^_nhjfZpbc ^��@� <deZ^u \ maeh\u_ kbeu hl \g_rgbo ih\_joghklguo gZ]jmahd hij_^_eyxlky

lZd �^\mf_jguc kemqZc��

q Pkj
n

k
n

k
nS= 05.                                               (2.15)

]^_ Sk
n   - ^ebgZ ]jZgbqgh]h hlj_adZ�

2.4. JZkq_l dhglZdlghc ]jZgbpu� Imklv x x x= ∈( , )
o

t S - ijhba\hevgZy ih\_joghklgZy

lhqdZ� n � \g_rgyy ghjfZev d ih\_joghklb \ wlhc ]hqd_� H[hagZqbf q_j_a x*
jZ^bmk�\_dlhj

lhqdb i_j_k_q_gby ijh^he`_gby ghjfZeb ( , )x n+ ≥α α 0  k ih\_joghklvx S ijbq_f

x x x* *( , )=
o

t  , x x
o o
≠ *

� < kemqZ_ _keb x*
g_ kms_kl\m_l� l�_� _keb ebgby ijh^he`ZxsZy
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\g_rgxx ghjfZev g_ i_j_k_dZ_l S � lh iheh`bf x x n* = + � >ey \k_o x ∈ S ^he`gh [ulv

\uiheg_gh g_jZ\_gkl\h

( )*x x n− ⋅ ≥ 0  (2.16)

\ujZ`Zxs__ mkeh\b_ g_ijhgbdZgby h^ghc qZklb ih\_joghklb \ ^jm]mx� jZ\_gkl\h

khhl\_lkl\m_l lhqdZf dhglZdlghc ih\_joghklb x x* , ∈ Scont \ khhl\_lkl\bb k hij_^_e_gb_f

ih^jZa^� ���� Hlf_lbf� qlh mkeh\b_ g_ij_ju\ghklb ghjfZevghc khklZ\eyxs_c kdhjhklb gZ

dhglZdlghc ]jZgbp_ y\ey_lky ke_^kl\b_f aZibkZggh]h g_jZ\_gkl\Z�

Mkeh\by dhglZdlZ� ijb\_^_ggu_ \ ih^jZa^� ���� \\_^_f y mjZ\g_gb_ \bjlmZevguo jZ[hl k

ihfhsvx f_lh^Z fgh`bl_e_c EZ]jZg`Z ����� < j_amevlZl_ wlh mjZ\g_gb_ ijbf_l lZdhc \b^�

ρ δ δ( ) :
d

dt
dV dV dS

V V Sp

u
g u u p u− ⋅ + ∇δ = ⋅ −∫ ∫ ∫σ

− − ⋅ − − ⋅ − − ⋅∫ ∫ ∫δ δ δ δ δτP dS P dS P dSn

S

n

S Sp p p

( ) ( ) ( )x x n x x n x x* * * τ (2.17)

Jhev fgh`bl_ey EZg]jZ`Z ^ey g_jZ\_gkl\Z ����� b]jZ_l ghjfZevgZy gZ]jmadZ dhglZdlgh]h

\aZbfh^_ckl\by P x tn ( , ) , ih^e_`ZsZy hij_^_e_gbx�

Qbke_ggZy ZiijhdkbfZpby bgl_]jZeZ \ e_\hc qZklb b i_j\h]h bgl_]jZeZ \ ijZ\hc qZklb

mjZ\g_gby \bjlmZevguo jZ[hl m`_ jZkkfhlj_gZ \ ih^jZa^� ���� Gb`_ jZkkfhljbf

ZiijhdkbfZpbx ^h[Z\hqguo �dhglZdlguo� bgl_]jZeh\�

KgZqZeZ hij_^_ebf ih\_joghklv dhglZdlZ� l�_� l_ maeu b hlj_adb ]jZgbpu� dhlhju_ mqZkl\mxl \

nhjfbjh\Zgbb wlbo bgl_]jZeh\� >ey wlh]h ba dZ`^h]h ]jZgbqgh]h maeZ G r Nr1 31 2( , , ... , )=
himklbf ghjfZeb gZ dZ`^uc ]jZgbqguc hlj_ahd G G k Nk k1 2 31 2( , , ... , )= � Hl[_j_f iZju

�]jZgbqguc ma_e � ]jZgbqguc hlj_ahd�� m^h\e_l\hjyxsb_ ke_^mxsbf mkeh\byf:

x x e32
n

12
n

3× ⋅ ≤ 0 (2.18)

x x e32
n

12
n

3
+ +× ⋅ >1 1 0 (2.19)

0 1≤ ≤ξ k
n  ,  ξ k

n = ⋅ ⋅( ) / ( )x x x x12
n

32
n

32
n

32
n (2.20)

n nk
n

k
n

* ⋅ < 0 (2.21)

]^_

x x xij
n

i
n

j
n= −  ,  ( , , , )i j =1 2 3 (2.22)

e e e3 1 2= ×  ,  n (x e )e (x e )ek
n

32
n

2 1 32
n

1 2= ⋅ − ⋅ (2.23)

A^_kv ^ey djZldhklb h[hagZq_gh� x xGr1 1
=  , x xGk2 2

=  , x xGk3 2
= ;  n i

n
* � \g_rgyy ghjfZev d

]jZgbp_ \ lhqd_ xi
*
� AZibkZggu_ ijbagZdb dhglZdlZ hagZqZxl ke_^mxs__� ������ � mkeh\b_

g_ijhgbdZgby gZ \j_f_gghf keh_ n ^ey ^Zgghc ljhcdb maeh\ \uiheg_gh� ������ � ih

j_amevlZl\f ij_^\Zjbl_evgh]h jZkq_lZ \j_f_ggh]h kehy n +1 ^ey ^Zgghc ljhcdb maeh\

\uiheg_gh mkeh\b_ dhglZdlZ �jZ\_gkl\h� beb bf__l f_klh �kq_lgh_ ijhgbdZgb_�� ������ �

ghjfZev� hims_ggZy ba maeZ x i gZ hlj_ahd x x3 2− � i_j_k_dZ_l wlhl hlj_ahd �Z g_ _]h

ijh^he`_gb_�� �������ghjfZev d ]jZgbp_ \ lhqd_ xi b \g_rgyy ghjfZev d ]jZgbqghfm hlj_adm

x x3 2− gZijZ\e_gu gZ\klj_qm ^jm] ^jm]m�

IZju �]jZgbqguc ma_e � ]jZgbqguc hlj_ahd�� m^h\e_l\hjyxsb_ mkeh\byf ��������������

hij_^_eyxl fgh`_kl\h Ω cont � oZjZdl_jbam_fh_ bgnhjfZpbhgguf fZkkb\hf dhglZdlguo iZj

�we_f_glh\�� Krl (r N lC= =1 2 1 2 3, ,..., ; , , �� ]^_ NC � qbkeh dhglZdlguo iZj� Kr1 kh^_j`bl ghf_j

]jZgbqgh]h maeZ Gr1, a Kr 2 , Kr 3 kh^_j`Zl ghf_jZ dhgp_\uo maeh\ ]jZgbqgh]h hlj_adZ Gk1 ,
Gk2 khhlZ_lkl\kgbh�



17

DhglZdlgu_ bgl_]jZeu \ ijZ\hc ©bklb mjZ\g_gby \bjlmZevguo jZ[hl ij_^klZ\bf \ ke_^mxs_c

nhjf_�

δ δ δ ξ δ ξP dS P Sn
n

S

n r
n

r

N

r
n

r
n

r
n

cont
n

C

( ( ) ( ( ) )x x) n x x x n*
K K K r

n
r1 r2 r3

− ⋅ ≈ − − − ⋅ +∫ ∑
=1

1

+ − − − ⋅
=
∑δ ξ ξ( ) ( ( ) )P Sn r r

n
r
n

r
n

r

Nk

x x x nK K K r
n

r1 r2 r3
1

1

(2.24)

b

P dS P Sn n

S

r
n

r
n

r
n

r
n

r
n

r

N

cont
n

k

τ τδ δ δ δ ξ δ ξ( ) ( ) ( ( ) )*x x x x xK K Kr1 r2 31
− ⋅ ≈ − − ⋅∫ ∑ −

=
τ τ1

1

(2.25)

K mq_lhf wlbo bgl_]jZeh\ khhlghr_gby ^ey kdhjhkl_c i_j_ibrmlky ke� ^mxsbf h[jZahf�

i u cont∈ ( \ ) \ω ω ω   :  m ti i
n

i
n

i
n

i
n

i
n

i
n

nu u u f+ − − − =1 1γ γ� ( ) ∆
i u∈ω   :   u ui

n
i

n+ +=1 1
* (2.26)

i cont∈ω   : m ti i
n

i
n

i
n

i
n

i
n

i
n

i
n

nu u u f P+ − − − = +1 1γ γ� ( ) ( )∆

HklZevgu_ m jZ\g_gby ko_fu ����� g_ baf_gylky� Q_j_a Scont h[hagZq_gh fgh`_kl\h ghf_jh\

maeh\� mqZkl\mxsbo \ h[jZah\Zgbb dhglZdlguo iZj� >ey dhglZdlguo maeh\ \ \ujZ`_gbyo

mjZ\g_gbc ^\b`_gby ihy\bebkv ih^e_`Zsb_ hij_^_e_gbx ^h[Z\db Pi
n
hl dhglZdlguo gZ]jmahd�

< khhl\_lkl\bb k ZiijhdkbfZpbyfb ������ dhglZdlgu_ kbeu Pi
n
hij_^_eyxlky lZd�

P ni
n = + −

==
∑∑ [( ) ( ) ]

~
( )p p S H i Kn r

n
r
n

r
n

r
n

r
n

rl
n

rl
lr

NC

τ κτ
1

3

1

             (2.27)

Ke_^kl\b_f fh^bnbpbjh\Zggh]h mjZ\g_gby \bjlmZevguo jZ[hl y\ey_lky id`_ khhlghr_gb_

( ( ) )x x x nK K K r
n

r1 r2 r3
− − − ⋅ =1 0ξ ξr

n
r
n  (2.28)

h[_ki_qb\Zxs__ ijbgZ^e_`ghklv maeh\ Krl dhglZdlghc ]jZgbp_� MqZkl\mxsb_ \ \ujZ`_gbyo

������ \_ebqbgu κ rl
n
bf_xl \b^�

κ r
n
1 1= −  , κ ξr

n
r
n

2 1= −  , κ ξrl
n

r
n=

Ih^\_^_f blh]b� Mq_l dhglZdlgh]h \aZbfh^_ckl\by ijb\_e d ihy\e_gbx gh\hc ]jmiiu

bkdhfuo \_ebqbg � fgh`bl_e_c EZ]jZg`Z ( )pn r
n  , (r NC= 12, ,..., � b ^h[Z\bebkv eª

^hihegbl_evguo khhlghr_gbc ������� h]jZgbqb\Zxsbo deZkk \hafh`guo ^\b`_gbc

dhglZdlguo maeh\� < i_j\hgZqZevgh y\ghc ko_f_ lbiZ �dj_kl� \hagbdeZ ]jmiiZ khhlghr_gbc

�bf__lky \ \b^m ]jmiiZ khhlghr_gbc ^ey dhhj^bgZl b kdhjhkl_c dhglZdlguo maeh\ b

khhlghr_gby ������ ^ey dhglZdlguo gZ]jmahd�� dhlhju_ oZjZdl_jbamxlky g_^bZ]hgZevghc

fZljbp_c� J_r_gb_ lZdhc kbkl_fu mjZ\g_gbc ^he`gh m^h\e_l\hjylv mkeh\bx

{ }p n r
n ≤ 0 (2.29)

hagZqZxs_fm� qlh ghjfZevgu_ dhglZdlgu_ gZ]jmadb ^he`gu ^_ckl\h�glv ijhlb\ gZijZ\e_gby

\g_rg_c ghjfZeb d ]jZgbp_� Ijb gZjmr_ggb wloro mkeh\by khhl\_lkl\mxsZy dhglZdlgZy iZjZ

bkdexqZ_lky ba qbkeZ
 dhglZdlguo� b kbkl_fZ mjZ\g_gbc j_rZ_lky aZgh\h�

>ey j_r_gby kbkl_fu mjZ\g_gbc gZ dhglZdlghc ]jZgbp_ ijbf_g_g ke_^mxsbc ijhklhc

bl_jZpbhgguc ijhp_kk lbiZ =ZmkkZ�A_c^_ey�
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RZ] �� >ey ihemq_gby gZqZevgh]h ijb[eb`_gby ijh\h^blky jZkq_l \k_o \_�©bqbb gZ gh\hf

\j_f_gghf keh_ n +1 ih ko_f_ ����� [_a mq_lZ dhglZdlgh]h \aZgfh^_ckl\by� Fgh`_kl\h

ωcont ijb wlhf imklh � N C = 0).
RZ] �� Iml_f ijh\_jdb mkeh\bc �������������� ������ hij_^_ey_lky ahgZ dhglZdlZ� l�_�

nhjfbjm_lky bgnhjfZpbhgguc fZkkb\ K rl. ?keb ih kjZ\g_gbx k ij_^u^ms_c bl_jZpb_c hg

baf_gbeky� lh i_j_oh^bf d \uiheg_gbx rZ]Z �� bgZq_ ijhp_kk hdhgq_g�

RZ] �� Ihke_^h\Zl_evgh ^ey dZ`^hc dhglZdlghc iZju  K rl (r NC= 1 2, , ... , � \Zjvbjm_lky

\_ebqbgZ ( )pn r
n
ijb ihklhygguo ( )p n k

n (k r≠ ) . Ijb wlhf baf_gyxlky \_ebqbgu PK
n

rl
, u K

n

rl

+1, xK
n+1

rl

(l = 1 2 3, , � \ khhl\_lkl\bb k nhjfmeZfb ������� ������� ����� b f_gy_lky g_\yadZ khhlghr_gby

������� AZ gh\h_ agZq_gb_ \_ebqbgu ( )pn r
n ijbgbfZ_lky lh� dhlhjh_ ijb\h^bl d m^h\e_l\hj_gbx

h]jZgbq_gby ������� < khhl\_lkl\bb k gh\uf agZq_gb_f ( )pn r
n
bkijZ\eyxlky agZq_gby PK

n

rl
,

u K
n

rl

+1, xK
n+1

rl
� Bl_jZpbhgguc ijhp_kk hdZgqb\Z_lky� _keb ^ey \k_o dhglZdlguo iZS mkeh\b_ ������

\uiheg_gh k aZ^Zgghc lhqghklvx� >Ze__ i_j_oh^bf d \uiheg_gbx rZ]Z ��

2.5. Dhff_glZjbc d ko_f_ lbiZ �dj_kl�� Ihjy^hd jZkq_lZ ih jZk� kfhlj_gghc ko_f_

lbiZ �dj_kl� lZdh\� GZ i_j\hf wlZi_ �ij_^bdlhj mjZ\g_gbc ^\b`_gby� hij_^_eyxlky kbeu fi
n

[_a mq_lZ dhglZdlZ� GZ \lhjhf wlZi_ �dhjj_dlhj mjZ\g_gbc ^\b`_gby� ijh\h^ylky bl_jZpbb

������� hij_^_eyxlky dhglZdlgu_ mkbeby� ahgZ dhglZdlZ� hdhgqZl_evgu_ agZq_gby kbe f Pi
n

i
n+  k

mq_lhf dhglZdlZ b gh\u_ agZq_gby kdhjhkl_c gZ keh_ n +1� GZ lj_lv_f wlZi_ hij_^_eyxlky

gh\u_ agZq_gby ieZklbq_kdbo ^_nhjfZpbc� ieZklbq_kdhc jZ[hlu b l_fi_jZlmju� GZ q_l\_jlhf

wlZi_ hij_^_eyxlky gh\u_ agZq_gby ZdlmZevguo dhhj^bgZl�

Ijhh[jZahf ^Zgghc ko_fu y\ey_lky ba\_klgZy ko_fZ lbiZ �dj_kl�� ij_^eh`_ggZy ^ey

jZkq_lZ mijm]hieZklbq_kdbo l_q_gbc F� Mbedbgkhf >��@� A^_kv wlZ ko_fZ jZkijhkljZg_gZ gZ

g_j_]meyjgu_ k_ldb� Baf_g_g \u[hj hkgh\guo i_j_f_gguo �ieZklbq_kdb_ ^_nhjfZpbb \f_klh

gZijy`_gbc�� Mql_gu wnn_dlu mijhqg_gby b l_jfhwnn_dlu� Baf_g_g j_]meyjbaZlhj j_r_gby \

hdj_klghklb m^Zjguo \heg �eZdkh\Z \yadhklv \f_klh dhf[bgZpbb ebg_cghc b d\Z^jZlbqghc

l_gahjghc y\ghc bkdmkkl\_gghc \yadhklb�� Ihkljh_g [he__ lhqguc Ze]hjblf jZkq_lª

dhglZdlguo ]jZgbp�

Ijbf_g_gb_ ieZklbq_kdbo ^_nhjfZpbc \f_klh gZijy`_gbc \ dZq_kl\_ hkgh\guo

bkdhfuo nmgdpbc ^Z_l emqr__ hibkZgb_ wnn_dlh\ mijm]hklb fZl_jbZeZ� IjbqbgZ wlh]h \ lhf�

qlh ijb qbklh mijm]bo ^_nhjfZpbyo \ Ze]hjblf_� baeh`_gghf a^_kv� bkihevam_lky ]bi_jmijm�

roe hibkZgb_ k\hckl\ kj_^u �gk^bnn_j_gpbZevgh_ ih \j_f_gb�� qlh h[_ki_qb\Z_l aZihfbgZgb_

kj_^hc k\h_c gZqZevghc dhgnb]mjZpbb� Ijb bkihevah\Zgbb `_ gZijy`_gbc dZd hkgh\guo

i_j_f_gguo kj_^Z y\ey_lky ]bihmijm]hc �ijh^bnn_j_gpbjh\Zggu_ ih \j_f_gb aZdhgu mi�

jm]hklb�� < ihke_^g_f kemqZ_ ba�aZ gZdhie_gby ih]j_rghkl_c qbke_ggh]h bgl_]jbjh\Zgby ih

\j_f_gb jZkq_l mijm]bo khm^Zj_gbb kh^_j`bl ^_n_dlu� qbkeZggqy fh^_ev mijm]h]h l_eZ g_

\hkklZgZ\eb\Z_l k\h_c nhjfu ihke_ mijm]h]h m^ZjZ b dhe_[e_lky \hae_ gh\hc bkdZ`_gghc

dhgnb]mjZpbb �iZjZablgu_ hklZlhqgu_ ^_nhjfZpbb�� LZdb_ ^_n_dlu bkdZ`Zxl b j_r_gb_

aZ^Zqb \ ieZklbq_kdhc h[eZklb�

Ijbf_g_gb_ eZdkh\hc \yadhklb \ hdj_klghklb m^Zjguo \heg iha\hebeh ih\ukblv

gZ^_`ghklv Ze]hjblfZ� bkdexqblv iheghklvx lZdb_ G_ijbylgu_ kq_lgu_ wnn_dlu� dZd

\u\hjZqb\Zgb_ eZ]jZg`_\uo yq\�kd b ^jm]b_ ijhy\e_gby f_edhfZkrlZ[ghc �rmfh\hc�

g_mklhcqb\hklb� Wlh `_ iha\hebeh ba[Z\blvky hl g_h[oh^bfhklb \ dZ`^hf gh\hf jZkq_l_

aZgh\h ih^[bjZlv ih^oh^ysb_ agZq_gby dhwnnbpb_glh\ bkdmkkl\_gghc \yadhklb� qlh

ijboh^blky ^_eZlv \ f_lh^_ F� MbedbgkZ�

Mq_l wnn_dlh\ mijhqg_gby b l_jfhwnn_dlh\ gk k\yaZg k dZdhc�eb[h ijbgpbibZevghc

i_j_^_edhc Ze]hjblfZ� Z ebrv y\ey_lky _]h ihiheg_gb_f� hl\_qZxsbf ihlj_[ghklb emqr_]h

hibkZgby ih\_^_gby kiehrghc kj_^u� Hlf_lbf� qlh \ aZ^ZqZo ^bgZfbdb mijm]hieZklbq_kdhc

kj_^u ^bnnmabhggu_ qe_gu \ mjZ\g_gbb ijblhdZ l_ieZ ij_g_[j_`bfh fZeu� lZd dZd gZ

dhjhldbo bgl_j\ZeZo \j_f_gb ^bgZfbq_kdh]h ijhp_kkZ hgb g_ mki_\Zxl ijhy\blv k_[y b

ijhp_kk \_kvfZ [ebahd d Z^bZ[Zlbq_kdhfm�
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Bkihevam_fu_ \ f_lh^_ we_f_glZjgu_ hi_jZpbb h[f_gZ bfimevkhf ������ b ������ \

hkgh\guo b \kihfh]Zl_evguo dhglZdlguo we_f_glZo dhgk_j\Zlb\gu� lZd dZd kmffZ h[f_gguo

\deZ^h\ bfimevkZ gZ f_`maeh\uo ]jZgbpZo jZ\gZ gmex�

g kl
n

l

=
=
∑ 0

1

3

(2.30)

\ kbem ZgZeh]bqgh]h k\hckl\Z ^bkdj_lgh]h hi_jZlhjZ ijhkljZgkl\_ggh]h ^bnn_j_gpbjh\Zgby

∇ kl
n . GZebqb_ \ f_lh^_ g_dhgk_j\Zlb\guo hi_jZpbc hkj_^g_gby kdhjhkl_c ������� g_h[oh^bfuo

^ey ih^Z\e_gby dhjhldh\hegh\uo \hafms_gbc� ^_eZ_l g_h[oh^bfuf dhgljhev lhqghklb

j_r_gby ih bfimevkm� Djhf_ lh]h� dZd h[uqgh \ ko_fZo lbiZ �dj_kl� >��� ��@� g_h[oh^bf

dhgljhev [ZeZgkguo wg_j]_lbq_kdbo bgl_]jZevguo khhlghr_gbc �dhgljhev ih wg_j]bb��

Ij_^eh`_gguc Ze]hjblf jZkq_lZ dhglZdlguo ]jZgbp \ ba\_klghc gZf ebl_jZlmj_ ZgZeh]h\ g_

bf__l� Wlhl Ze]hjblf g_ kh^_j`bl dZdbo�eb[h Zijbhjguo ij_^iheh`_gbc h k\hckl\Zo

dhglZdlbjmxsbo kj_^� g_ gm`^Z_lky \ bgnhjfZpbb ba \gmlj_ggbo h[eZkl_c� ijbe_]Zxsbo d

dhglZdlghc ]jZgbp_� h^ghjh^_g� ijhkl \ j_ZebaZpbb� Dhgk_j\Zlb\ghklv Ze]hjblfZ ih bfimevkm

h[_ki_qb\Z_l \uiheg_gb_ lj_l_]h aZdhgZ GvxlhgZ gZ dhglZdlghc ]jZgbp_� Z mkeh\b_

g_ij_ju\ghklb ghjfZevguo khklZ\eyxsbo kdhjhklb kem`bl \ g_f ^ey hij_^_e_gby dhglZdlguo

ghjfZevguo mkbebc� b _]h \uiheg_gb_ y\ey_lky djbl_jb_f hdhgqZgby bl_jZpbc�

Bf_xlky ^jm]b_ Ze]hjblfu jZkq_lZ dhglZdlguo ]jZgbp� dhlhju_ iha\heyxl

m^h\e_l\hjblv mkeh\byf gZ dhglZdghc ]jZgbp_ ebrv ijb[eb`_ggh, g_ ]ZjZglbjmxl

dhgk_j\Zlb\ghklv h[f_gZ bfimevkhf� Z lZd`_ hlkmlkl\b_ �kq_lgh]h bZekaZgby� >��������@�

Keh`ghklv g_ebg_cghc kbkl_fu mjZ\g_gbc ih^jZa^� ��� b g_j_]meyjguc oZjZdl_j

rZ[ehgh\ k_ldb gk iha\heyxl ijh\_klb Zijbhjgh_ bkke_^h\Zgb_ koh^bfhklb f_lh^Z� >ey

h^ghf_jguo aZ^Zq \ ]Zah^bgZfbq_kdhf ijb[eb`_gbb ko_fu lbiZ �dj_kl� bkke_^h\Zgu \ >��@�

:gZeh]bqgh_ bkke_^h\Zgb_ k bkihevah\Zgb_f i_j\uo ^bnn_j_gpbZevguo ijb[eb`_gbc _�7]
ihdZau\Z_l� qlh f_lh^ mklhcqb\ ijb h[uqghf h]jZgbq_gbb ih q_em DmjZglZ

( )∆
Ω

t
k c ln

k
n

≤
∈

∇ ⋅ ∇ ⋅













−

min max | | ,| |
1

1 2

1

kl
n

kl
ne e (2.31)

Ijb [hevrbo kdhjhklyo m^ZjZ �ihjy^dZ kdhjhklb a\mdZ� \\h^behkv >hihegbl_evgh_

h]jZgbq_gb_ �ih lhqghklb� gZ rZ] \h \j_f_gb� \ujZ`Zxs__ lj_[h\Zgb_ ^hklZlhqghc fZehklb

ijbjZs_gbc ^_nhjfZpbb b �ij_^bdlhjgh]h gZe_aZgby� ]jZgbp ∆t n ≤ δ/|| ||e � ]^_ δ  -
fZdkbfZevgh ^himklbfh_ ijbjZs_gb_ ^_nhjfZpbb gZ rZ]_ ih \j_f_gb�

2.6. Ko_fZ d\Zab\lhjh]h ihjy^dZ lhqghklb� >ZggZy ko_fZ ^ey ]bi_j[hebq_kdh]h

mjZ\g_gby i_j_ghkZ hibkZgZ \ jZ[hl_ >��_ b qZklh bkihevam_lky ijb j_r_gbb g_klZpbhgZjguo

]Zah^bgZfbq_kdbo aZ^Zq� < gZr_f kemqZ_ ko_fZ bf__l \b^�

i u∈ω ω\  : m ti n{ } (( . ) ( . ) )u u f fi
n 1

i
n

i
n

i
n+ −− = + − +15 05 1ε ε ∆

i u∈ω  :  u u ti
n

i n
+

+=1
1

* ( )
k ∈Ω  :  ε ε λ σ ε εpk

n
pk
n

k
n

k
n

pk
n

k
n

k
n T

pk
n

nL L t+ + + += + − ⋅ − ⋅1 1 1 1( ' ( ) )∆ (2.32)

k ∈Ω  :  U U L tk
n

k
n

k
n

k
n

n k
n+ += +1 1σ ρ: /∆

k ∈Ω  :  a a tpk
n

pk
n

k
n

k
n

k
n

n
+ += +1 1λ σ σ' : ' ∆

i ∈ω   :   x x u ti
n

i
n

i
n

n
+ += +1 1∆

]^_ 01 05. .≤ ≤ε , ε � fZeh_ iheh`bl_evgh_ qbkeh� :gZeh]hf wlhc ko_fu bgl_]jbjh\Zgby ih

\j_f_gb ^ey kemqZy aZ^Zq Dhrb ^ey h[udgh\_gguo ^bnn_j_gpbZevguo mjZ\g_gbc y\ey_lky

ko_fZ :^ZfkZ²;ZrnhjlZ �lj_ª kehcgªy ko_fZ�� Mkeh\by mklhcqb\hklb ^ey wlhc ko_fu� dZd

ihdZau\Z_l ZgZeba Nmjv_ ^ey fh^_evghc aZ^Zqb k mjZ\g_gb_f i_j_ghkZ� y\eyxlky \^\h_ [he__

h]jZgbqbl_evgufb�g_`_eb mkeh\by DmjZblZ ������� >eyª� ^Zq ^bgZfbdb mijm]hieZklbq_kdhc

kj_^u ko_fZ ������ \i_j\u_ ijbf_g_gZ \ gZklhys_c jZ[hl_�
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2.7. Iheghklvx dhgk_j\Zlb\gZy y\gZy ko_fZ� WlZ ko_fZ ih^jh[gh h[km`^Z_lky \ jZ[hl_

���@ ijbf_gbl_evgh d aZ^ZqZf ]Zah\hc ^bgZfbdb \ eZ]jZg`_\uo i_j_f_gguo �\ kemqZ_ ih^oh^Z

EZ]jZg`Z�� < gZr_f kemqZ_ hgZ fh`_l [ulv aZibkZgZ \ ke_^mxs_f \b^_�

i u∈ω ω\  : m ti n{ }u u fi
n 1

i
n

i
n+ − = ∆

i u∈ω  :  u u ti
n

i n
+

+=1
1

* ( )
k ∈Ω  :  ε ε λ σ ε εpk

n
pk
n

k
n

k
n

pk
n

k
n

k
n T

pk
n

nL L t+ + + += + − ⋅ − ⋅1 1 1 2 1 2( ' ( ) )/ / ∆ (2.33)

k ∈Ω  :  U U L tk
n

k
n

k
n

k
n

n k
n+ += +1 1 2σ ρ: // ∆

k ∈Ω  :  a a tpk
n

pk
n

k
n

k
n

k
n

n
+ += +1 1 2λ σ σ/ ' : ' ∆

i ∈ω   :   x x u ti
n

i
n

i
n

n
+ += +1 1 2/ ∆

]^_ \\_^_gu h[hagZq_gby�

L L L k
n 1

k
n

k
n+ += +1 2 2/ ( ) /  , u u uk

n
k
n 1

k
n+ += +1 2 2/ ( ) /  , λ λ λk

n
k
n+ += +1 2 2/ ( ) /k

n 1  (2.34)

Hlf_lbf� qlh ko_fZ ������ keZ[h g_mklhcqb\Z >��@� >ey mkljZg_gy wlh]h g_^hklZldZ y jZkq_l_

bkihevah\ZeZkv fZeZy bkdmkkl\_ggZy \yadhklª \ \b^_ l_gahjZ \yadbo gZijy`_gbc�

σ σV V Vp= − +I '  ,  p
dp

d
tV = − ⋅

ρ
ρ∇ u∆ / 2 ,

σ' ' /V t= 2 2µe ∆  ,  e e e:I)I' ( /= − 3 ,  e L L= +05. ( )T  (2.35)

Mklhcqb\hklv ko_fu ijb gZebqbb \yadhklguo qe_gh\ e_]dh mklZgZ\eb\Z_lky ba ZgZebaZ i_j\h]h

^bnn_j_gpbZevgh]h ijb[eb`_gby� dhlhjuc b ih^kdZau\Z_l \b^ qe_gh\ �������

Hlf_lbf� qlh ijb [hevrbo kdhjhklyo m^ZjZ \ ko_fu (2.32), (2.33) Ijboh^blky \\h^blv
j_]meyjbaZlhj EZdkZ ������� i_j\Zy kljhdZ�� ������ ����� ^ey mkljZg_gby hkpbeeypbc \ ahg_

kbevguo m^Zjguo \heg�

Ko_fZ ������ [ueZ ihemq_gZ \ jZ[hlZo >��� ��@ k ihfhsvx bgl_]jh�bgl_jiheypbhggh]h

f_lh^Z b f_lh^Z� hkgh\Zggh]h gZ ijyfhc ZiijhdkbfZpbb ]ZfbevlhgbZgZ� Ohly jZaghklgu_

mjZ\g_gby \ wlbo ^\mo kemqZyo kh\iZ^Zxl k jZkkfhlj_ggufb \ur_� ijbgylZy \ gZr_c jZ[hl_

]Ze_jdbg�kdZy \ZjbZpbhggZy nhjfmebjh\dZ mjZ\g_gbc ijb\h^bl d bghfm ihjy^dm j_ZebaZpbb

\uqbke_gbc ������� [he__ wdhghfghfm� Z bf_ggh� dZ`^Zy yq_cdZ k_ldb h[jZ[Zlu\Z_lky h^bg jZa

gZ rZ]_ ih \j_f_gb� Wlh aZf_qZgb_ h[ wdhghfghklb bkihevam_fh]h ih^oh^Z hlghkblky b d

ko_fZf ������ �������

JZkq_l dhglZdlguo ]jZgbp \ ko_fZo ������� ������ ijh\h^blky ZgZeh]bqgh lhfm� dZd wlh

hibkZgh \ur_ ^ey ko_fu ������
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�� G_y\gu_ ko_fu ^ey d\ZabklZlbq_kdbo b ^bgZfbq_kdbo aZ^Zq

3.1. D\Zabgvxlhgh\kdZy g_y\gZy ko_fZ� Ijhkl_crZy g_y\gZy ko_fZ ^yy aZ^Zq

mijm]hieZklbqghklb� hkgh\ZggZy gZ d\Zabebg_ZjbaZpbb bkoh^guo g_ebg_cguo mjZ\g_gbc b

bkihevamxsZy gZ dZ`^hf rZ]_ ih \j_f_gb h^gm bl_jZpbx ih f_lh^m GvxlhgZ� bf__l \b^

�h[hagZq_gby� ijbgylu_ ^ey y\guo ko_f� a^_kv khojZgyxlky��

i u∈ω ω\  : m ti n{ } ( )u u f fi
n 1

i
n

i
n

i
n+ − = +∆ ∆

i u∈ω  :  u u ti
n
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+

+=1
1
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k ∈Ω  :  ε ε λ σ ε εpk

n
pk
n

k
n

k
n

pk
n

k
n

k
n T

pk
n

nL L t+ + + += + − ⋅ − ⋅1 1 1 1( ' ( ) )∆ (3.1)

k ∈Ω  :  U U L tk
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k
n

k
n

k
n

n k
n+ += +1 1σ ρ: /∆

k ∈Ω  :  a a tpk
n
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n

k
n

k
n

k
n

n
+ += +1 1λ σ σ' : ' ∆

i ∈ω   :   x x u ti
n

i
n

i
n

n
+ += +1 1∆

<_ebqbgu ∆f i
n  , L k

n  , λ k
n
\uqbkeyxlky lZd�

∆ ∆ ∆f g qi
n

kl
n

kl k
n

kl
l

M

k

N

l

M

k

N

H i J H i G= − + −
====
∑∑∑∑ ~

( )
~

( )
1111

3322

∆ ∆L u tk
n

kj
n

J
n

n
j

M

kj

+ +

=

= ∇∑1 1

1

2

 ,  ∆λ ∆k
n

k
n

k
n

k
n

k
n

k
n

k
n

k
n

k
n

nH k H L L k t+ + + −= −1 2 1 1 2( ' : ' ( ) ) ( ' : ) ' : ( )σ σ σ σσ σ (3.2)

∆ ∆g k
n

k
n

kl
n

k
nV= ⋅ ∇σ  ,  ∆q p pk

n
k
n

k
n

k
nS= −+( ) /1 2 ,

∆ ∆ ∆ ∆σ ε ε εk
n

k
n

pk
n

k

n

k
n

k
ndp

d
= − +









2µ

ρ
ρ( ) :I I  ,  ∆ ∆ε k

n
k
n T

nt= ++ +05 1. ( ( ) )L L k
n 1

L uk
n

kj
n

J
n

j

M

kj

+ +

=
= ∇∑1 1

1

2

G_ljm^gh ihdZaZlv� qlh ko_fZ ����� bf__l ihqlb \lhjhc ihjy^hd lhqghklb b [_amkeh\gh

mklhcqb\Z� RZ] ih \j_f_gb� l_f g_ f_g__� h]jZgbq_g mkeh\b_f lhqghklb

∆
Ω

∆ε
t

kn

kl
n

J
n

l

M

kl

≤
∈ ∇ +

=
∑

min
|| ||

max

u 1

1

2
 (3.3)

]^_ ∆εmax fZdkbfZevgh ^himklbfh_ ijbjZs_gb_ ^_nhjfZpbc gZ rZ]_ ih \j_f_gb <

ijZdlbq_kdbo jZkq_lZo ∆εmax lim.≈ 01ε  ( εlim� ^_nhjfZpby� hl\_qZxsZy ij_^_em l_dmq_klb�

Ihjy^hd \uqbke_gbc ih ko_f_ ����� lZdh\ `_� dZd b ^ey y\guo ko_f� Hlebqb_ khklhbl \

lhf� qlh \ kemqZ_ g_y\ghc ko_fu kdhjhklb u i
n+1

�beb ijbjZs_gby eZ]jZg`_\uo dhhj^bgZl

∆xi
n+1

� hij_^_eyxlky ba j_r_gby \kihfh]Zl_evghc ebg_cghc kbkl_fu Ze]_[jZbq_kdbo

mjZ\g_gbc

i u∈ω ω\  : m ti n{ } ( ( ))u u f f ui
n 1

i
n

i
n

i
n

i
n 1+ +− = +∆ ∆

i u∈ω  :  u u ti
n

i n
+

+=1
1

* ( ) (3.4)

]^_ ∆f i
n
dZd \b^gh ba nhjfme ������ y\eyxlky ebg_cgufb nmgdpbyfb gh\uo kdhjhkl_c u i

n+1

(i ∈ ω ).
AZ^ZqZ ����� fh`_l [ulv aZibkZgZ \ \b^_ kbkl_fu ebg_cguo Ze]_[jZbq_kdbo mjZ\g_gbc
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Az b=                                                (3.5)

]^_ z u= +
={ }i

n
i
N1

1
1 � \_dlhj bkdhfuo maeh\uo kdhjhkl_c� A � fZljbpZ �`_kldhklb�� b � ba\_klguc

\_dlhj ijZ\uo qZkl_c� jZaf_jghklv kbkl_fu mjZ\g_gbc g_ ij_\hkoh^bl 2 1N . < [hevrbgkl\_

kemqZ_\ f_lh^ dhg_qguo we_f_glh\ lZd b j_Zebam_lky� AZf_lbf� qlh j_r_gb_ aZ^Zqb ����� fh`gh

gZclb [he__ ijhkluf b wnn_dlb\guf [_afZljbqguf kihkh[hf� dhlhjuc jZkkfZljb\Z_lky gb`_�

3.2. J_r_gb_ \kihfh]Zl_evguo aZ^Zq� FZljbpm `_kldhklb A b \_dlhj ijZ\uo qZkl_c b
ki_pbZevgh nhjfbjh\Zlv b aZihfbgZlv g_ ihlj_[m_lky� _keb \hkihevah\Zlvky dZdbf�eb[h

bl_jZpbhgguf f_lh^hf j_r_gby� bkihevamxsbf g_\yadb mjZ\g_gbc ������

g z b u u f f u= − = − − −








+ +

=

A m
ti

n
i
n

i
n

i
n

i
n

i
n

i

N
1 1 1

1

1

∆
∆( ) ( )

>_ckl\bl_evgh� \uqbke_gb_ g_\yahd g ^ey ex[h]h aZ^Zggh]h \_dlhjZ ijb[eb`_ggh]h j_r_gby

z fh`gh \uihegblv� g_ bkihevamy fZljbp `_kldhklb� Imklv \_dlhj ijb[eb`_ggh]h j_r_gby z
aZ^Zg� Lh]^Z ih nhjfmeZf ����� ������ ihke_^h\Zl_evgh \uqbkey_f \_ebqbgu

∆L k
n 1+ ,  ∆λ k

n+1,  ∆εε pk
n+1,  ∆σk

n+1, ∆g k
n ,  ∆f k

n

HdhgqZl_evgh g_\yadZ hij_^_ey_lky g_ihkj_^kl\_ggh khhlghr_gbyfb ������ Klhev `_ ijhklh

hij_^_ey_lky b h^ghjh^gZy qZklv g_\yadb (~g z= A ):

~ ( )g z u f u= = −








+ +

=

A m
ti

n
i
n

i
n

i
n

i

N
1 1 1

1

1

∆
∆

Ykgh� qlh kj_^b fgh`_kl\Z bl_jZpbhgguo f_lh^h\ `_eZl_evgh \u[jZlv gZb[he__ wnn_dlb\guc�

GZ gZr \a]ey^ lZdbf f_lh^hf y\ey_lky f_lh^ khijy`_gguo ]jZ^b_glh\ >��� ��@� :e]hjblf

bf__l ke_^mxsbc \b^� Ih ijhba\hevghfm gZqZevghfm ijb[eb`_gbx z0 hij_^_eyxlky

gZqZevgZy g_\yadZ g0 b gZqZevgh_ gZijZ\e_gb_ ihbkdZ s0 memqr_ggh]h j_r_gby

g z b0 0= −A ,  s g0 0=
Lh]^Z ^ey bl_jZpbc i = 0 1 2, , , ... bf__f�

z z si i i i+ = −1 α  ,  α i i iA= ⋅ ⋅( ) / ( )g s s si i ,  g g si i i iA+ = −1 α
s g si i i i+ += −1 1 β ,  βi = ⋅ ⋅+ +( ) / ( )g g g gi 1 i 1 i i (3.6)

F_lh^ khijy`_gguo ]jZ^b_glh\ \ujZ[Zlu\Z_l $�hjlh]hgZevguc [Zabk si \ Zjbnf_lbq_kdhf

ijhkljZgkl\_ j_r_gby �As s ai j i ij⋅ = δ , δij � ^_evlZ Djhg_d_jZ�� ihwlhfm qbkeh bl_jZpbc�

g_h[oh^bfuo ^ey hlukdZgby j_r_gby� g_ ij_\urZ_l qbkeZ bkdhfuo dhfihg_glh\ \_dlhjZ z .
D kh`Ze_gbx� ijhp_kk ����� \ j_Zevguo aZ^ZqZo mijm]hieZk]bqghklb y\ey_lky \_kvfZ

qm\kl\bl_evguf d hrb[dZf hdjm]e_gby b fh`_l [ulv g_mklhcqb\uf �\ qZklghklb� hg fh`_l

�aZpbdeb\Zlvky��� Qlh[u ba[_`Zlv \ebygby hrb[hd hdjm]e_gby� g_ba[_`guo ijb \uqbke_gbyo

gZ W<F� \ jZ[hl_ >��@ �lZf `_ ^Zevg_crb_ kkuedb� [ueh ij_^eh`_gh bkihevah\Zlv

ij_^\Zjbl_evgh_ ij_h[mkeh\eb\Zgb_ kbkl_fu mjZ\g_gbc� >ey wlh]h ijh\h^blky

ij_^\Zjbl_evgh_ ij_h[jZah\Zgb_ kbkl_fu mjZ\g_gbc ^ey mf_gvr_gby bgl_j\ZeZ baf_g_gby

agZq_gbc kh[kl\_gguo qbk_e fZljbpu `_kldhklb A iml_f mfgh`_gby kbkl_fu mjZ\g_gbc gZ

ijb[eb`_ggmx h[jZlgmx fZljbpm wlhc kbkl_fu mjZ\g_gbc. Wlh memqrZ_l h[mkeh\e_gghklv

jZkkfZljb\Z_fhc Ze]_[jZbq_kdhc aZ^Zqb� Imklv B  - fZljbpZ \ g_dhlhjhf kfuke_ [ebadZy d A .
Lh]^Z fZljbpZ B A− ⋅1

[m^_l [ebadZ d _^bgbqghc fZljbp_ I � >ey fZljbpu B A− ⋅1 ,
oZjZdl_jbamxs_c ij_h[mkeh\e_ggmx kbkl_fm� j_r_gb_ fh`gh \m^_l gZclb e_]q_ b ijhp_kk

����� [m^_l jZ[hlZlv m^h\e_l\hjbl_evgh� H[h[s_gguc f_lh^ khijy`_gguo ]jZ^b_glh\ bf__l

ke_^mxsbc \b^

^ey i = 0 :
g z b0 0= −A ,  h g0

1
0= −B  , s h0 0=

^ey i = 0 1 2, , ,...:
z z si i i i+ = −1 α  ,  α i i iA= ⋅ ⋅( ) / ( )g s s si i ,  g g si i i iA+ = −1 α  , h gi iB+

−
+=1

1
1

s h si i i i+ += −1 1 β ,  βi = ⋅ ⋅+ +( ) / ( )g h g hi 1 i 1 i i   (3.7)
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< dZq_kl\_ fZljbpu B \ gZklhys_c jZ[hl_ bkihevah\ZeZkv ^bZ]hgZevgZy fZljbpZ�

khklZ\e_ggZy ba ^bZ]hgZevguo we_f_glh\ mijm]hc fZljbpu `_kldhklb A . Wlh]h hdZaZehkv

\iheg_ ^hklZlhqgh ^ey h[_ki_q_gby mklhcqb\hc jZ[hlu bl_jZpbhggh]h ijhp_kkZ ����� ijb

j_ZebaZpbb gZ ?K W<F k h[uqghc lhqghklvx� LZdhc \u[hj fZljbpu B ^_eZ_l __ h[jZs_gb_

ljb\bZevghc hi_jZpb_c� \uihegy_fhc h^bg jZa i_j_^ gZqZehf ijhp_kkZ ������ Hi_jZpby

h gi iB= −1
k\h^blky d ihdhfihg_glghfm mfgh`_gbx ^\mo \_dlhjh\�

Ijbf_gy_lky ke_^mxsbc djbl_jbc hklZgh\db ijhp_kkZ ������

( ) ( )g ,h s , si 1 i 1 i i+ + < ∨ <ε α ε2 2 2
i (3.8)

]^_ ε  - �fZrbggh_ wikbehg� ����� ijb[eb`_ggh jZ\gh_ 0 6−
^ey ?K W<F� < kemqZ_

( )As si i⋅ < ε2
iheZ]Zehkv� qlh f_lh^ ^Z_l hldZa ba�aZ lh]h� qlh aZ^ZqZ \ujh`^_gZ� Z ijb

g_\uiheg_gbb mkeh\bc �A��� ^ey i N> 2 1 (2 1N � qbkeh g_ba\_klguo� iheZ]Zehkv� qlh �aZ^ZqZ

iehoh h[mkeh\e_gZ�� < wlbo kemqZyo f_lh^ ����� g_ iha\heye hij_^_eblv j_r_gb_ eb[h \ kbem

_]h g__^bgkl\_gghklb �lhqdZ \_l\e_gby�� eb[h \ kbem hq_gv iehohc h[mkeh\e_gghklb aZ^Zqb�

IjZdlbq_kdb `_ \ [hevrbgkl\_ lZdbo kblmZpbc �hq_gv j_^dbo� ijbqbgu hdZau\Zebkv \_kvfZ

ijhaZbq_kdbfb� dZd ijZ\beh� [ueb hrb[db \ aZ^Zgbb \oh^guo ^Zgguo eb[h ^ey k\hckl\ kj_^u�

eb[h ^ey djZ_\uo mkeh\bc�

3.3. <_dlhjbaZpby \uqbkebl_evgh]h ijhp_kkZ� Y\gu_ ko_fu jZa^� � b hibkZggZy \ur_

g_y\gZy ko_fZ �Z lZd`_ djZldh hibku\Z_fu_ gb`_ ^jm]b_ g_y\gu_ ko_fu� ijZdlbq_kdb [_a

baf_g_gbc ohjhrh ih^^Zxlky \_dlhjbaZpbb� l�_� ij_^klZ\eyxlky \ \b^_ p_ihqdb hi_jZpbc

keh`_gby� \uqblZgby� mfgh`_gby dhfihg_glh\ \_dlhjh\ \ukhdhc jZaf_jghklb >��@ LZdb_

hi_jZpbb gZ fgh]bo kh\j_f_gguo W<F \uihegyxlky gZ ihjy^hd [uklj__ h[uqguo kdZeyjguo

hi_jZpbc aZ kq_l dhg\_c_jghc h[jZ[hldb ^Zgguo� hj]Zgbam_fhc k ihfhsvx lZd gZau\Z_fuo

�\_dlhjguo mkdhjbl_e_c \uqbke_gbc� >��@� < gZklhys_c jZ[hl_ bkihevah\ZeZkv W<F ?K

����F b kbkl_fZ mkdhj_gby \uqbke_gbc F:FH >��@�

Bf_xlky ^\Z �madbo f_klZ

 \ Ze]hjblf_ \uqbke_gbc� dhlhju_ ijbrehkv j_Zebah\Zlv \

�kdZeyjghf \ZjbZgl_�� I_j\h_ �madh_ f_klh� k\yaZgh k \uqbke_gb_f ]jZ^b_glh\ kdhjhkl_c beb

ijbjZs_gbc i_j_f_s_gbc�

∆ ∆L uk
n = ∇

=
∑ kl

n
J
n

l

M

nkl
t

1

2

GZebqb_ keh`gh]h bg^_dkZ m \_ebqbg u J
n

kl
ih^jZamf_\Z_l \u[hjdm wlbo \_ebqbg ih kibkdm J kl ,

dhlhjZy b ijhba\h^beZkv \ kdZeyjghf pbde_�

<lhjh_ �madh_ f_klh� k\yaZgh jZaghkdhc \deZ^h\ \ g_\yadm g beb� qlh lh `_ kZfh_� \

\_dlhj ∆fk
n
hl we_f_glh\ �jZaghkdZ g_\yahd hl we_f_glh\ gZ maeu�� NhjfmeZ ������ j_ZebamxsZy

wlm hi_jZpbx� lZd`_ k\yaZgZ k jZ[hlhc kh kibkdhf J kl �ghf_jZ maeh\ \ we_f_glZo� b

j_Zebah\ZgZ \ kdZeyjghf pbde_� <k_ hklZevgu_ hi_jZpbb ijh\h^bebkv k bkihevah\Zgb_f

\_dlhjguo hi_jZpbc kbkl_fu F:FH k \_dlhjZfb jZaf_jghklb N 2 �qbkeh lhq_d qbke_ggh]h

bgl_]jbjh\Zgby� ^ey \uqbke_gby g_\yahd b k \_dlhjZfb jZaf_jghklb 2 1N �qbkeh bkdhfuo

dhfihg_glh\ \_dlhjZ g � ^ey \uqbke_gbc ih f_lh^m khijy`_gguo ]jZ^b_glh\�

< j_amevlZl_ bkihevah\Zgby kbkl_fu F:FH ihemq_gZ wdhghfby ijhp_kkhjgh]h

\j_f_gb kq_lZ \ ��� jZaZ� NZdlbq_kdb wlh hagZqZ_l� qlh aZl�jZlu \j_f_gb gZ j_r_gb_ aZ^Zqb k

N1  maeZfb \ kdZeyjghf j_`bf_ lZdh\u� qlh k bkihevah\Zgb_f F:FH aZ lh `_ \j_fy wlZ `_

aZ^ZqZ j_rZ_lky gZ [he__ f_edhc k_ld_ k 4 1N maeZfb b� ke_^h\Zl_evgh� k [hevr_c lhqghklvx�

3.4. Ijbf_g_gb_ bl_jZpbc gZ \eh`_gguo k_ldZo� Bkihevah\Zgb_ ihke_^h\Zl_evghklb

\eh`_gguo k_lhd \ bl_jZpbhgguo Ze]hjblfZo j_r_gby kem`bl _s_ h^gbf iml_f d ih\ur_gbx

wnn_dlb\ghklb Ze]hjblfh\ b mkdhj_gbx ijhp_kkZ j_r_gby� JZaebqgu_ Zki_dlu ijbeh`_gby

wlhc b^_b d weebilbq_kdbf djZ_\uf aZ^ZqZf fh`gh gZclb \ jZ[hlZo >�����@ �lZf `_ ²

^Zevg_crb_ kkuedb��

Hkgh\gufb ijb\e_dZl_evgufb q_jlZfb lZdh]h ih^oh^Z y\eyxlky�
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� \h�i_j\uo� mkdhj_gb_ koh^bfhklb bl_jZpbhgguo ijhp_kkh\ 
 [26} aZ kq_l lh]h� qlh bl_jZpbb
gZ ]jm[hc gZqZevghc k_ld_ koh^ylky [ukljh �^Zxl ^ebggh\hegh\mx khklZ\eyxsmx j_r_gby��

Wlh j_r_gb_ bkihevam_lky aZl_f gZ [he__ f_edhc k_ld_ \ dZq_kl\_ gZqZevgh]h ijb[eb`_gby;
� \h�\lhjuo� ijbf_g_gb_ j_r_gbc gZ \eh`_gguo k_ldZo iha\hey_l bkihevah\Zlv Zijbhjgmx

bgnhjfZpbx h[ Zkbfilhlbq_kdhc kdhjhklb m[u\Zgby ih]j_rghklb ^ey mlhqg_gby j_r_gby

(28];
� lj_lvy \hafh`ghklv ih\ur_gby lhqghklb j_r_gby k\yaZgZ k �nbdlb\ghc bgl_jiheypb_c�

j_r_gby gZ ehdZevgmx baf_evq_ggmx k_ldm b bkihevah\Zgb_f g_\yahd gZ baf_evq_gguo

rZ[ehgZo ^ey hij_^_e_gby mlhqgyxsbo ihijZ\hd d j_r_gbx �����

< gZklhys_c jZ[hl_ [ueZ j_Zebah\ZgZ i_j\Zy ba mihfygmluo \ur_ \hafh`ghkl_c

bkihevah\Zgby \eh`_gguo k_lhd� KgZqZeZ j_r_gb_ gZoh^blky gZ gZqZevghc ]jm[hc k_ld_� aZl_f

hgh bgl_jihebjm_lky gZ ke_^mxsmx [he__ f_edmx k_ldm b bkihevam_lky ^ey f_lh^Z

khijy`_gguo ]jZ^b_glh\ \ dZq_kl\_ gZqZevgh]h ijb[eb`_gby�

LZdh_ gZqZevgh_ ijb[eb`_gb_ y\ey_lky ohjhrbf b aZ kq_l wlh]h j_adh khdjZsZ_lky

qbkeh bl_jZpbc \ f_lh^_ khijy`_gguo ]jZ^b_glh\� aZljZqb\Z_fuo gZ hlukdZgb_ j_r_gby�

Qbke_ggu_ wdki_jbf_glu b baf_j_gby aZljZl ijhp_kkhjgh]h \j_f_gb gZ j_r_gb_ aZ^Zqb

ihdZaZeb� qlh \ khhl\_lkl\bb k l_hj_lbq_kdbfb ij_^kdZaZgbyfb >��@ b qbke_ggufb

@ki_jbf_glZfb ^jm]bo Z\lhjh\ >��@� \ gZrbo jZkq_lZo bf__l f_klh ��qlb ebg_cgZy

aZ\bkbfhklv qbkeZ hi_jZpbc� aZljZqb\Z_fuo gZ j_r_gb_ AZqb� hl jZaf_jghklb \_dlhjZ

j_r_gby� AgZq_gb_ dhwnnbpb_glZ ijhihjpbhgZevghklb hij_^_ey_lky h[t_fhf \uqbke_gbc�

g_h[oh^bfuo ^ey j_r_gby aZ^Zqb gZ gZqZevghc ]jm[hc k_ld_� < w\hexpbhgguo aZ^ZqZo ^ey

gZqZevghc ]jm[hc k_ldb lZd`_ _klv ohjhr__ gZqZevgh_ ijb[eb`_gb_ d j_r_gbx� � bf_ggh

j_r_gb_ aZ^Zqb gZ ij_^u^ms_f \j_f_gghf rZ]_� Ihwlhfm \ lZdbo aZ^ZqZo dhwnnbpb_gl

ijhihjpbhgZevghklb f_`^m qbk�yhf hi_jZpbc b jZaf_jghklvx aZ^Zqb j_adh mf_gvrZ_lky m`_

ihke_ i_j\h]h rZ]Z ih \j_f_gb beb ih iZjZf_ljm gZ]jm`_gby�

���� F_lh^ ^bnn_j_gpbjh\Zgby ih iZjZf_ljm� Djhf_ d\\abguhlh�gh\kdhc g_y\ghc

ko_fu� [ueb j_Zebah\Zgu b g_dhlhju_ ^jm]b_ ko_fu� qlh g_
 khklZ\beh [hevrh]h ljm^Z�

ihkdhevdm Ze]hjblfbq_kdb_ hlebqby

ko_f g_\_ebdb�

DZd ba\_klgh �kf�� gZijbf_j� ������ \ d\ZabklZlbq_kdbo aZ^ZqZo gZjy^m k f_lh^hf

GvxlhgZ rbjhdh bkihevam_lky lZd`_ f_lh^ Ijh^he`_gby ih iZjZf_ljm ������� �f_lh^

^bnn_j_gpbjh\Zgby ih iZjZf_ljm�� ?keb h[h[s_gb_ f_lh^Z GvxlhgZ gZ aZ^Zqb ^bgZfbdb

ijb\h^bl d d\Z� abguhlhgh\kdhc ko_f_ ������ lh ZgZeh]bqgh_ h[h[s_gb_ f_lh^Z ^bnn_�

j_gpbjh\Zgby ih iZjZf_ljm �lhqg__� _]h ijhkl_cr_]h qZklgh]h kemqZy �f_lh^Z ijbjZs_gbc� gZ

aZ^Zqb ^bgZfbdb ijb\h^bl d ke_^mxs_c g_y\ghc ko_f_�

i u∈ω ω\  : m t ti n n{( ) / ( ) / } ( )u u u u f ui
n 1

i
n

i
n

i
n

i
n

i
n 1+ −

−
+− − − =∆ ∆ ∆1

1

i u∈ω  :  u u ti
n

i n
+

+=1
1

* ( )
k ∈Ω  :  ε ε λ σ ε εpk

n
pk
n

k
n

k
n

pk
n

k
n

k
n T

pk
n

nL L t+ + + += + − ⋅ − ⋅1 1 1 1( ' ( ) )∆ (3.9)

k ∈Ω  :  U U L tk
n

k
n

k
n

k
n

n k
n+ += +1 1σ ρ: /∆

k ∈Ω  :  a a tpk
n

pk
n

k
n

k
n

k
n

n
+ += +1 1λ σ σ' : ' ∆

i ∈ω   :   x x u ti
n

i
n

i
n

n
+ += +1 1∆

E_]dh \b^_lv� qlh hlebqb_ hl ko_fu ����� khklhbl ebrv \ ZiijhdkbfZpbb mjZ\g_gby ^\b`_gby�

Ko_fZ ����� Ziijhdkbfbjm_l ijh^bnn_j_gpbjh\Zggh_ ih \j_f_gb mjZ\g_gb_ ^\b`_gby�

,
JZaj_rZxsZy Ze]_[jZbq_kdZy aZ^ZqZ ^ey \_dlhjZ u i

n+1
\ wlhf kemqZ_ g_agZqbl_evgh hlebqZ_lky

ebrv k\h[h^gufb qe_gZfb hl ZgZeh]bqghc aZ^Zqb \ d\Zabgvxlhgh\kdhf f_lh^_ ������

G_y\gu_ ko_fu ������ ����� ijb]h^gu b ^ey klZpbhgZjguo b ^ey g_klZpbhgZjguo aZ^Zq�

AZf_lbf� qlh j_r_gb_ ih wlbf ko_fZf gZ dZ`^hf rZ]_ ih \j_f_gb �beb ih gZ]jmad_ ^ey aZ^Zq

d\ZabklZlbdb� gZoh^blky bl_jZpbhgguf iml_f� Ijb wlhf j_r_gb_ u i
n+1

^hklZlhqgh [ebadh d

j_r_gbx gZ ij_euems_f \j_f_gghf keh_ ui
n
� dhlhjh_� ke_^h\Zl_evgh� y\ey_lky ohjhrbf
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gZqZevguf ijb[eb`_gb_f ^ey bl_jZpbhggh]h ijhp_kkZ� MdZaZggu_ hkh[_gghklb ijb\h^yl d

lhfm� qlh
 
\ aZ^ZqZo ^bgZfbdb wlb ko_fu ih [ukljh^_ckl\bx \_kvfZ [ebadb d y\guf ko_fZf�

lZd dZd ^ey aZ^Zq ^bgZfbdb bl_jZpbc lj_[m_lky g_fgh]h �^ey rZ]h\ ih \j_f_gb f_gvr_

dmjZglh\kdh]h ^hklZlhqgh ��� bl_jZpbc��

3.6. JZkq_l dhglZdlghc ]jZgbpu� < kemqZ_ g_y\guo ko_f mq_l dhg�{ttcinoro \aZbfh^_ckl\by

ijh\h^blky f_lh^hf rljZnguo nmgdpbc� Bkihevam_lky fh^bnbpbjh\Zggh_ mjZ\g_gb_

\bjlmZevguo jZ[hl ������� d dhlhjhf iheZ]Z_lky

pn = − ⋅λ *( )x x n* ,  λ * >>1

:iijhdkbfZpby dhglZdlguo ^hihegbl_evguo qe_gh\ \ mjZ\g_gbb ������ ijh\h^blky lZd `_� dZd

b \ ih^jZa^� ���� bo \ebygb_ mqblu\Z_lky ijb \uqbke_gbb g_\yahd \ bl_jZpbhgghf ijhp_kk_

f_lh^Z khijy`_gguo ]jZ^b_glh\� I_j_^ jZkq_lhf gh\h]h \j_f_ggh]h kihy hij_^_ey_lky ahgZ

dhglZdlZ ih mkeh\byf ������²������� < kemqZ_� _keb gZ keh_ n fgh`_kl\h Ωcont [vrh imkluf�

mkeh\b_ ������ ijb hl[hj_ dhglZdlguo iZj aZf_gy_lky [he__ keZ[uf mkeh\b_f �mkeh\b_f

^hklZlhqghc [ebahklb�

| | . | | minx x e x hn n n
32

1
12

1
3

2
32

1 201+ + +× ⋅ <                     (3.10)

]^_ hmin � fbgbfZevgZy ^ebgZ ]jZgbqgh]h hlj_adZ k_ldb� Mq_l dhglZdlguo \aZbfh^_ckl\bc

ijZdlbq_kdb g_ mkeh`gbe ijhp_kkZ j_r_gby aZ^Zq y [ue j_Zebah\Zg ijhklh dZd

^hihegbl_evguc fh^mev �;ehd�� hij_^_eyxsbc ahgm dhglZdlZ gZ dZ`^hf rZ]_ b \uqbkeyxsbc

dhglZdlgu_ ihijZ\db d g_\yadZf mjZ\g_gbc ^\b`_gby�
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�� J_amevlZlu jZkq_lh\

4.1. Ijh\_jdZ f_lh^h\ gZ l_klh\uo ijbf_jZo� Ij_^klZ\e_ggu_ \ jZa^_e_ � f_lh^u

j_Zebah\Zgu \ \b^_ iZd_lZ ijh]jZff :KLJ: ^ey ?K W<F� JZ[hlZ f_lh^h\ b ijh]jZff [ueZ

ijh\_j_gZ iml_f j_r_gby ke_^mxsbo ba\_klguo aZ^Zq�

� d\ZabklZlbq_kdbo aZ^Zq h k`Zlbb pbebg^jZ b dm[bdZ� aZ^Zq Eyfw h pbebg^j_ ih^ ^_ckl\b_f

\gmlj_gg_]h b \g_rg_]h ^Z\e_gbc� aZ^Zq ba]b[Z mijm]hieZklbq_kdbo djm]euo ieZklbg b

pbebg^jbq_kdbo h[hehq_d� aZ^ZqZ G_c[_jZ h pbebg^j_ k \ulhqdhc�

� ^bgZfbq_kdbo aZ^Zq h jZkijhkljZg_gbb iehkdbo mijm]hieZklbq_kdbo ªhig \ keh_ dhg_qghc

lhesbgu� ^bgZfbq_kdhc aZ^Zqb h jZkijhkljZg_gbb m^Zjghc \hegu ijb bZl_dZgbb oheh^gh]h

b^_Zevgh]h ]ZaZ gZ `_kldmx kl_gdm� \ dhlhjhc ijh\_jyehkv hibkZgb_ l_ieh\uo wnn_dlh\�

aZ^Zqb h[ m^Zj_ mijm]hieZklfq_kdbf pbebg^jhf \ `_kldmx kl_gdm� aZ^Zqb h jZkijhkljZg_gbb

pbebg^jbq_kdbo \heg \ ihehf pbebg^j_ ijb ^_ckl\bb bfimevkZ \gmlj_gg_]h ^Z\e_gby b ^j�

J_r_gb_ aZ^Zq dhgljhebjh\Zehkv iml_f jZkq_lZ aZ^Zq jZaebqgufb ©\gufb b g_y\gufb

f_lh^Zfb� hibkZggufb \ jZa^� �� Koh^bfhklv j_r_gbc dhgljhebjh\ZeZkv iml_f ijhkq_lZ

\ZjbZglh\ ijb ihke_^h\Zl_evghf >jh[e_gbb rZ]h\ ih ijhkljZgkl\_gguf i_j_f_gguf b

\j_f_gb�

Ke_^m_l hlf_lblv ohjhr__ kh]eZkh\Zgb_ j_amevlZlh\� ihemq_gguo ih JXEBQGUF

f_lh^Zf� f_`^m kh[hc b k mihfygmlufb ba\_klgufb j_r_gbyfb. Wlh ^Z_l hij_^_e_ggmx

m\_j_gghklv \ lhf� qlh ijb[eb`_ggu_ j_r_gby aZ^Zq� ihemq_ggu_ k ihfhsvx iZd_lZ ijh]jZff

:KLJ:� ^hklZlhqgh [ebadb d khhl\_lkl\mxsbf lhqguf j_r_gbyf�

4.2. JZkq_l ]j_[_gqZlh]h kh_^bg_gby h\mo jZaghjh^guo mijm]h�^b_lbq_kdbo l_e� GZ

jbk� ��\ ihdZaZgZ dhgnb]mjZpby \aZbfh^_ckl\mxsbo l_e� AZ^ZqZ \_rZ_lky \ mkeh\byo hk_\hc

kbff_ljbb� \_jlbdZevgZy dhhj^bgZlgZy 
O� y\ey_lky hkvx kbff_ljbb� Ih\_joghklb \g_rg_]h

l_eZ \jZs_gby ^hb r = ��� b ijb z=0 khijbdZkZxlky k `_kldbfb kl_gdZfb h[hcfu�
Lj_gb_ gZ kl_gdZo iheZ]Zehkv jZ\guf gmex� GZ ih\_joghklb \gmlj_gg_�A l_eZ

\jZs_gby ijb z  � ^_ckl\m_l \g_rgyy k`bfZxsZy jZ\ghf_jgh jZkij_^_e_ggZy gZ]jmadZ� GZ

dhglZdlguo ih\_joghklyo f_`^m \aZbfh^_ckl\mxsbfb l_eZfb ijhkdZevau\Zgb_ b hlebiZbb_

g_ ^himkdZebkv� AZ^Z\Zebkv ke_^mxsb_ k\hckl\Z mijm]hieZklbq_kdbo l_e�

λ( )1 560=  ,  µ ( )1 375=  ,  σS
( )1 1= ,  ( / ) ( )d daS pσ 1 100=

λ( )2 560=  ,  µ ( )2 375=  ,  σS
( )2 2= ,  ( / )( )d daS pσ 2 0= (4.1)

GZ jbk���� ihdZaZgh jZkij_^_e_gb_ gZijy`_gbc \^hev hkb kbff_ljbb b gZ \g_rg_c

ih\_joghklb ijb U  ���� =jZnbdb khhl\A ]kl\mxl agZq_gbx \g_rg_c gZ]jmadb j  � ����� GZ hkb

kbff_ljbb gZijy`_gby Z�� h^ b Z� bf_xl yjdh \ujZ`_ggu_ fZdkbfmfu \ f_klZo mlhgvr_gby

\deZ^urZ� jZkij_^_e_gb_ dhglZdlguo gZijy`_gbc gZ am[vyo� ijhgmf_jh\Zgguo y ihjy^d_

m[u\Zgby dhhj^bgZlu ]� ihdZaZgh gZ jbk���\� <b^gh� qlh jZ[hlZ_l \ hkgh\ghf i_j\uc am[� GZ

jbk� ��] ihdZaZgh jZkij_^_e_gb_ gZijy`_gbc \ k_q_gbb z  �� Hlf_lbf� qlh koh^gu_ aZ^Zqb

jZkkfZljb\Zebkv \ jZ[hl_ >��@�
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             Z� [�

\� ]�

Jbk� l. D� jZkq_lm ]j_[_bqlh]h kh_^bg_gby ^\mo jZaghjh^guo mijm]hieZklbq_kdbo l_e \jZs_gby

Z� jZkq_lgZy k_ldZ� [� jZkij_^_e_gb_ gZijy`_gbc \^hev hkb kbff_ljbb (r=�� b gZ \g_rg_c

ih\_joghklb �] ����� \� � jZkij_^_e_gb_ dhglZdlguo gZijy`_gbc yZ am[vyo �� � \ k_q_gbb ] ����

2 - z = O.55, 3 -z= ���� � ]� � jZkij_^_e_gb_ gZejy`_gbc \ k_q_gbb ] ��

4.3. JZkq_l iehlbgu b khklZ\gh]h hkgh\Zgby k mq_lhf ^_ckl\by kh[kl\_ggh]h \_kZ� <

mkeh\byo iehkdhc ^_nhjfZ\^b gZ hkgh\_ mjZ\g_gbc l_hjbb mijm]hklb [ueZ j_r_gZ aZ^ZqZ ^ey

ke_^mxs_c kbkl_fu q_luj_o ^_nhjfbjm_fuo l_e �jbk� ��^�� [_lhgghc iehlbgu�� [_lhggh]h

hkgh\Zgby ��� kdZevgh]h hkgh\Zgby ���� ]jmglZ IV. < l_e_ � \b^gu nbdlb\gu_ jZaj_au�

b]ghjbjm_fu_ ijb jZkq_l_ b g_h[oh^bfu_ gZ klZ^bb ihkljh_gby k_ldb� JZkq_lgZy k_ldZ

ihdZaZgZ gZ jbk� �� [� K\hckl\Z mijm]bo l_e ijbgbfZebkv ke_^mxsb_�

λ λ( ) ( )1 2 150= =  ,  µ µ( ) ( )1 2 125= =  , c c c( ) ( ) ( )1 2 3 1= = = , c( )4 2=  

λ( )3 500=  ,  µ ( )3 250=  , λ( )4 50=  , µ ( )4 25= (4.2)

Mkdhj_gb_ kbe ly`_klb fz = − −1 410 � GZ jbk� �� \ ihdZaZgZ ^_nhjfbjh\ZggZy dhgnb]mjZpby

kbkl_fu b ihkljh_gu bahebgbb \_jlbdZevguo kf_s_gbc� Kf_s_gby ]jZgbp gZ wlhf jbkmgd_

m\_ebq_gu \ ��� jZa ^ey gZ]ey^ghklb� LZ `_ dZjlbgdZ \ j_Zevguo kf_s_gbyo ijb\_^_gZ gZ Jbk.
�� ]� Bahebgbb ]hjbahglZevguo kf_r_gbc ijb\_^_gu gZ jbk� ��^� =jmgl dZd [u jZa^Z_lky \

klhjhgu ih^ ^_ckl\b_f iehlbgu� GZb[he__ gZijy`_ggh_ khklhygb_ gZ[ex^Z_lky \ e_\hc qZklb
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hkgh\Zgby iehlbgu� qlh ykgh \b^gh ba jbk� ��_� gZ dhlhjhf ihdZaZgu bahebgbb kj_^g_]h

gZijy`_gby�

Z� [�

\� ]�

^� _�

Jbk� �� D jZkq_lm iehlbgu b khklZ\gh]h hkgh\Zgby ih^ ^_ckl\b_f kh[kl\_ggh]h \_kZ� Z ²

dhgnb]mjZpby \aZbfh^_ckl\mxsbo l_e �, � [_lhggZy iehlbgZ��,, � [_lhggh_ hkgh\Zgb_� ,,, �

kdZevgh_ hkgh\Zgb_� ,< — ]jmbl�� [ � jZkq_lgZy k_ldZ� \ � gZqZevgZy dhgnb]mjZpby �ihdZaZgu

bwhebgbb \_jlbdZevguo kf_s_gbc� �� ������� �� ������� ��������� �� -������� ] — gwhebgbb

\_jlbdZeuguo kf_s_gbc �^_nhjfbjh\ZggZy dhgnb]mjZpby�� ^ � bahebgbb ]hjbahglZevguo

kf_s_gbc �� ������ �� ������� �� ������ �� ������� H � bahebgbb kj_^g_]h gZejy`_gby (1: -0,286, 2:
-0,214, 3: -0,142, 4: -0,070)
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Z� [�

     
\� ]�

        
^� _�

Jbk� �� M^Zj mijm]hieZklbq_kdbf klZevguf rZjhf \ mijm]hieZklgq_kdmoª Zexfbgb_\mx

ieZklbgm� Z� ^_nhjfbjh\ZggZy dhgnb]mjZpby k_ldb �W  ����� [� bahebgbb gZijy`_gby σz

�W ���� �� ��������� �� ��������� �� ���������� �������� \� ^_nhjfbjh\ZggZy dhgnb]mjZpby k_ldb

�W ����� ]� bahebgbb kj_^g_]h gZijy`_gby σm (t=1.0) 1: -120,495, 2: -85,936, 3: -51,378, 4: -
������� ^�ihe_ kdhjhkl_c �W ����� _� bahebgbb m^_evghc ieZklbq_kdhc jZ[hlu (t=1.0) 1:0.400, 2:
0,800,
3: 1,200, 4: 1,600.

���� M^Zj rZjhf \ ieZklbgm� MdZaZggZy \ aZ]heh\d_ aZ^ZqZ j_rZeZkv ^ey ^\mo kemqZ_\�

klZevghc rZj m^Zjy_l \ Zexfbgb_\mx ieZklbgdm b Zexfbgb_\uc rZj m^Zjy_l \ klZevgmx

ieZklbgdm� < h[hbo kemqZyo kdhjhklv m^ZjZ jZ\gyiZkv kdhjhklb a\mdZ \ fZl_jbZe_ m^ZjgbdZ�

L_ieh\ufb wnn_dlZfb \ wlhc aZ^Zq_ fu ij_g_[j_]Zeb� ?^bgbp_c \j_f_gb kem`beh \j_fy

ijh[_]Z ijh^hevguo \heg k`Zlby ih jZ^bmkm m^ZjgbdZ� K\hckl\Z fZl_jbZeh\ aZ^Z\Zebkv lZdb_�

klZev�  λ = 729  ,  µ = 369 ,  σS =1,  d daS pσ / = 0,  c = 1



30

Zexfbgbc �  λ = 729  ,  µ = 369 ,  σS =1,  d daS pσ / = 0,  c = 1 i4.3)

+Z jbk� 3,fl, \ ihdZaZgu dhgnb]mjZpbb eZ]jZg` \uo k_lhd ^ey khm^Z�fmbpboky l_e \ fhf_glu

\j_f_gb ��� b ���� GZ jbk� �� [ ihdZaZgu bwhebgbb gZijy`_gby σz ^ey fhf_glZ \j_f_gb ����

Ykgh \b^gu njhglu m^Zj�^m \heg \ fZl_jbZeZo m^ZjgbdZ b ij_]jZ^u� GZ jbk� �� ] ihdZaZgu

�XYBGBB kj_^g_]h gZijy`_gby ^ey fhf_glZ \j_f_gb ���� >ey wlh]h fh�o_glZ \j_f_gb gZ jbk�

3, ^ ihdZaZgh ihe_ kdhjhkl_c� Z gZ jbk� �� _ ² ihe_ �whebgbc ieZklbq_kdhc jZ[hlu� Wlhl ijbf_j

beexkljbjm_l jZ[hlm ij_^�gh`_ggh]h Ze]hjblfZ jZkq_lZ dhglZdlgh]h \aZbfh^_ckl\by l_e ijb

m^Zj_

Jbk� �� M^Zj Zexfbgb_\h]h rZjZ \ klZevgmx ieZklbgm

Jbk� � kh^_j`bl dbgh]jZffm ijhp_kkZ khm^Zj_gby Zexfbgb_\h]h rZjZ k mijm]hc

klZevghc ieZklbgdhc b ihdZau\Z_l dhgnb]mjZpbx khm^Zjyxsboky l_e gZ ijhly`_gbb \k_]h

ijhp_kkZ m^ZjZ \iehlv ^h hlkdhdZ m^ZjgbdZ hl ij_]jZ^u� < j_amevlZl_ m^ZjZ rZj

jZkiexsb\Z_lky \ �e_i_rdm�� Ijb t=� m`_ ihke_ hlkdhdZ i_jbn_jbcgu_ h[eZklb �e_i_rdb�

ijh^he`Zxl bgl_gkb\gh_ ^\b`_gb_ hl hkb kbff_ljbb� \ p_gljZevghc h[eZklb rZjZ ijb wlhf

gZ[ex^Z_lky ahgZ \k_klhjhgg_]h jZkly`_gby� qlh mdZau\Z_l gZ \hafh`ghklv jZajmr_gby

m^ZjgbdZ� +Z dhglZdl_ \uihegyebkv mkeh\by kdhev`_gby�
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4.5. M^Zj mijm]hieZklbq_kdh]h pbebg^jZ \ lheklmx mijm]hieZklbq_kd\x ieblm� Jbk� �

ihk\ys_g aZ^Zq_ m^ZjZ klZevguf m^Zjgbdhf \ lheklmx Zexfbgb_\mx ij_]jZ^m� K\hckl\Z

fZl_jbZeh\ l_ `_� qlh b \ ij_^u^ms_f ih^jZa^_e_� Kdhjhklv m^ZjZ khklZ\eyeZ iheh\bgm

kdhjhklb a\mdZ \ fZl_jbZe_ m^ZjgbdZ� GZqZevgZy dhgnb]mjZpby khm^Zjyxsboky l_e b

gZqZevgZy k_ldZ ihdZaZgu gZ jbk� �� Z� < gb`g_c qZklb jbk� �� [�] ihdZaZgZ dhgnb]mjZpby

eZ]jZg`_\uo k_lhd ^ey fhf_glh\ \j_f_gb W ��������� <j_fy ijh[_]Z ijh^hevguo mijm]bo \heg

k`Zlby ih jZ^bmkm m^ZjgbdZ jZ\gh �� < \_jog_c qZklb jbk� �� \ ihdZaZgu bahebgbb kj_^g_]h

gZijy`_gby ^ey fhf_glZ \j_f_gb W ��� < p_gljZevghc qZklb m^ZjgbdZ bf__lky ahgZ

\k_klhjhgg_]h jZkly`_gby� hlf_q_ggZy bahebgb_c �� :gZeh]bqgu_ ahgu jZkly`_gby \ ij_]jZ^_

h[jZamxlky \ h[eZklyo� m^Ze_gguo hl hkb kbff_ljbb gZ jZkklhygb_ jZ^bmkZ m^ZjgbdZ�

GZ Jbk. 5, ] \ \_jog_c qZklb ijb\_^_gu bahebgbb ieZklbq_kdhc jZ[hlu� Iewklbq_kdZy

jZ[hlZ fZdkbfZevgZ \ ahgZo ij_]jZ^u b m^ZjgbdZ� gZoh^ysboky \[ebab ih\_joghklb dhglZdlZ�

bkiulu\Zxsbo bgl_gkb\gh_ nhjfhbaf_g_gb_�� GZ dhglZdl_ \uihegyebkv mkeh\by k\h[h^gh]h

kdhev`_gby�
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Jbk� �� M^Zj mijm]hieZklbq_kdh]h pbebg^jZ \ lheklmx mijm]hieZklbq_kd\x ieblm�

4.6. JZkq_l h[jZah\Zgby \hjhgdb ijb \aju\_� Dhgnb]mjZpby jZkkfZljb\Z_fhc kbkl_fu

^_nhjfbjm_fuo l_e ihdZaZgZ gZ jbk� �� Z� < gZqZevguc fhf_gl \j_f_gb \ fZl_jbZe_ bf__lky

g_[hevrhc ijyfhm]hevguc \uj_a� \ dhlhjuc ihf_s_g aZjy^ << � \aju\qZlh]h \_s_kl\Z� K_ldZ

bah[jZ`_gZ gZ jbk� �� [� NjZ]f_gl h[eZklb j_r_gby� ihdZaZgguc s jbk� �� \� iha\hey_l

jZkkfhlj_lv k_ldm \ fZl_jbZe_ <<� Ij_^iheZ]Zehkv qlh \ gZqZevguc fhf_gl \j_f_gb \ aZjy^_

<< ijhbkoh^bl f]gh\_gse ^_lhgZpby� ij_\jZsZxsZy _]h \ ]Za kh ke_^mxsbfb k\hckl\Zfb�

γ = 14.  ,   U0 5=  ,  ρ0 100=  ,  p U= −( )γ ρ1    (4.4)

Jbk� �� �gZqZeh�� D jZkq_lm h[jZah\Zgby \hjhgdb ijb \aju\_� Z� dhgnb]mjZpby ^_nhjfbjm_fuo

l_e �]  �� � [) jZkq_lgZy k_ldZ \ hdj_klghklb <<� \� ^_nhjfbjh\ZggZy k_ldZ �W ���  ]� iheH
kdhjhkl_c �W  ����

FZl_jbZe bf_e k\hckl\Z Zexfbgby ba ih^jZa^� ���� GZqZevgZy \gmlj_ggyy wg_j]by ]ZaZ

h[_ki_qb\ZeZ ^Z\e_gb_ ]ZaZ ihjy^dZ ��� ij_^_eh\ l_dm�q_kdb fZl_jbZeZ� >_nhjfbjh\ZggZy

dhgnb]mjZpby eZ]jZg`_\hc k_ldb ^ey fhf_glZ \j_f_gb t  � ihdZaZgZ gZ jbk� �� ]� _^bgbp_c

\j_f_gb kem`beh \j_fy ijh[_]Z ijh^hevguo \heg k`Zlby oZjZdl_jgh]h jZkklhygby \

fZl_jbZe_� GZ jbk� �� ] \b^gh h[eZdh ]ZaZ� Hlq_leb\h \b^gZ dhglZdlgZy ]jZgbpZ f_`^m ]Zahf b

fZl_jbZehf� GZ dhglZdlghc ]jZgbp_ \uihegyebkv mkeh\by kdhev`_gby� <b^_g lZd`_ \Ze�

h[jZamxsbcky \hdjm] \hjhgdb� >ey fhf_glZ \j_f_gb W �� gZ jbk� ��^ ihdZaZgh ihe_ kdhjhkl_c�

GZ i_jbn_jbb ]Zah\h]h h[eZdZ kdhjhklb bf_xl \_ebqbgm ihjy^dZ q_luj_o kdhjhkl_c a\mdZ \

fZl_jbZe_� D fhf_glm \j_f_gb W �� ^Z\e_gb_ \ gb`g_c qZklb ]Zah\h]h h[eZdZ kiZ^Z_l ^h

\_ebqbg ihjy^dZ _^bgbpu b Zdlb\guc ijhp_kk jZajZklZgby \hjhgdb ij_djZsZ_lky� <hjhgdZ

ijb wlhf khojZgy_l dhgnb]mjZpbx� ih^h[gmx ihdZaZgghc gZ jbk� �� ^.
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